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ADAPTIVE PI-BASED SLIDING-MODE

CONTROL FOR PLANT PROTECTION

QUADROTORS WITH VARIABLE MASS

AND SLOSHING
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Issac Tawiah,∗∗∗∗ and Chengming Sun∗

Abstract

The stability of autonomous liquid transporter unmanned aerial

vehicles (UAVs) is crucial for precision in agricultural field spraying.

This paper proposes an adaptive robust control scheme designed

to stabilise agricultural quadrotor UAVs affected by variable

mass and liquid sloshing dynamics during pesticide application.

A comprehensive nonlinear mathematical model is developed to

explicitly represent UAV–liquid interactions, accounting for both

liquid sloshing and time-dependent mass variations. An adaptive PI-

based sliding-mode controller is proposed, featuring a neural network

identifier to estimate unknown sloshing forces and a nonlinear

disturbance observer to mitigate external disturbances. Theoretical

analysis through designed Lyapunov functions confirms the closed-

loop system’s robustness, stability, and bounded estimation errors,

even despite varying liquid mass conditions. Simulation experiments

validate the effectiveness of the proposed method, achieving

approximately 41.4% and 53.8% in trajectory tracking accuracy,

stabilisation, and disturbance rejection along the x - and y-axes,

respectively, compared to the conventional proportional integral

derivative (PID) counterpart. Overall, this research enhances

UAV control methodologies by effectivelymanaging sloshing-induced
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dynamics, thereby facilitating improved quadrotor system designs

and making a substantial contribution to agricultural automation.
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1. Introduction

Unmanned aerial vehicles (UAVs), particularly quadrotors,
have become fundamental across many sectors due to
their agility and low operating costs. Ensuring stability
under actuator faults and coping with adaptive control
challenges has become a dominant research focus [1]–
[3]. In agriculture, plant-protection UAVs are increasingly
deployed for spraying and crop monitoring at low altitudes
and near-canopy conditions [4]. Their missions are highly
exposed to gusts and turbulence, demanding robust
attitude stabilisation and precise position tracking [5].
Spraying outcomes – droplet size spectrum, deposition,
and uniformity – are highly dependent on vehicle’s flight
dynamics and height/velocity control [6], [7]. Critically,
the onboard liquid tank introduces continuous mass
variations and sloshing-induced internal disturbances [8].
These effects shift the UAV’s centre of mass and generate
unmodelled, state-dependent forces and torques, thereby
negatively impacting stability and tracking. Consequently,
for fluid-carrying agricultural UAVs, there is a clear
need for advanced dynamic models that include sloshing
and time-varying mass, together with robust/adaptive
controllers capable of estimating and compensating these
effects in real time.

In both research and industry, early quadrotor
controllers primarily relied on classical/linear approaches.
For example, Tayebi and McGilvray [9] proposed a
proportional–derivative (PD) law that achieves expo-
nential attitude stabilisation, and subsequent research
extended this baseline. Kendoul et al. [10] proposed
a two-loop linear architecture that decouples inner-
loop rotation from outer-loop translation to improve
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trajectory tracking performance. Building on these, Jiao
et al. [11] developed a self-tuning linear active disturbance
rejection controller (LADRC) using expert-rule-based gain
adaptation and validated strong disturbance rejection
in real flight. However, proportional–integral–derivative
(PID) and other linear schemes degrade under lumped
uncertainties and wind gusts [12], thereby motivating
nonlinear methods. To address these issues, Madani
and Benallegue [13] presented a backstepping controller
for quadrotor/helicopter stabilisation, while Fresk and
Nikolakopoulos [14] designed a quaternion-based attitude
controller that avoids singularities. Likewise, Boudjedir
et al. [15] presented a neural-network adaptive law for
unknown system dynamics, and Wang et al. [16] achieved
robust SO(3) attitude tracking through a variation-
based linearisation combined with an interval-matrix
approach.

A complementary development line focused on distur-
bance observer (DO)-based compensation to estimate and
cancel unknown inputs in real time. Chen and Chen [17]
designed a DO-based sliding-mode controller (SMC) for
uncertain nonlinear systems and proved robust disturbance
rejection through an integrated observer–controller pair.
Through this concept, Tripathi et al. [18] proposed an
intelligent finite-time SMC with a DO for quadrotors;
Maqsood and Qu [19] implemented a nonlinear DO +
SMC for quadrotor helicopters; and Izadi and Faieghi [20]
developed a high-gain DO to achieve robust trajectory
tracking. In related applications, Chen et al. [21] designed
a DO-based compensation law using quantum-information
concepts, while Diao et al. [22] achieved output-feedback
altitude/attitude tracking under parametric uncertainty
and unknown disturbances, also introducing adaptive
approximation. Furthermore, Zhang et al. [23] handled
time-varying, and nonvanishing disturbance classes in
quadrotor rotational control, expanding DO theory to more
tricky and practical dynamic conditions.

Building on rotation control under time-varying,
non-vanishing disturbances in [23], Yang et al. [24]
designed a variable-structure attitude controller effective in
handling parameter uncertainty and external disturbances,
yet but still assumes a rigid, constant-mass airframe.
To capture mass shifts in special operations, Zhang
et al. [25] modelled multi-factor coupling in heavy-
equipment airdrop representing an abrupt mass and
centre of gravity (CoG) change scenario. Conversely, for
sustained mass-transfer tasks, Pedro et al. [26] developed
a nonlinear dynamic inversion neurocontroller for aerial
refueling, effectively addressing mass increase and CoG
migration within a mission-specific regime. Closer to liquid
payloads, Soltani and Vahidi Bajestani [27] proposed
an LQG slosh-mitigation scheme using a single-mode
equivalent slosh model linearised near hover along with
an observer to estimate liquid states; however, it does
not co-model continuous spray–drain mass change nor
provide nonlinear/adaptive robustness. Complementarily,
Wu et al. [28] modelled time-varying mass for a quadrotor
and designed an SMC attitude tracker on a rigid-body plant
(no slosh forces/moments), lacking online identification or
a DO capability.

Although modelling and high-performance control of
time-varying-mass quadrotors have been widely studied,
two key limitations persist: (i) the disturbances induced by
continuous mass change (and especially by internal liquid
motion) are often not explicitly modelled/compensated
and (ii) many established models fail to capture the
coupled dynamics of mass variation and sloshing with
sufficient fidelity, limiting their utility in real-world
spraying operations. To address these challenges, the main
contributions of this paper focus on the following three
aspects:
(1) Coupled Model: A control-oriented 6-DOF model that

embeds time-varying mass and sloshing-induced forces
and moments directly in both the translational and
rotational equations of motion.

(2) AIPI-SMC: An adaptive PI-based integral SMC
tailored to agricultural spraying, combining a neural-
network identifier (to learn residual slosh effects
online) with a nonlinear DO (to reject external lumped
disturbances), with Lyapunov-based uniformly ulti-
mately bounded (UUB) guarantees.

(3) Quantitative Gains: Simulations under slosh + mass-
drain show improved tracking, faster settling, and
stronger disturbance rejection than a well-tuned PID
baseline.

2. Mathematical Modelling

The primary structural difference between conventional
survey quadrotors and agricultural sprayer UAVs lies
in the integration of a liquid tank and the resulting
sloshing dynamics. These elements significantly modify
the quadrotor’s dynamics behaviour, presenting distinct
control and flight stability challenges. The liquid payload’s
time-varying mass and its unsteady sloshing motion
exert a substantial effect on UAV flight stability and
control precision. As the fluid is discharged during
spraying, the UAV’s total mass and centre of mass
vary continuously change, altering aerodynamic forces
and making accurate trajectory tracking more difficult.
Furthermore, the oscillatory motion from liquid sloshing
introduces additional nonlinear forces and moments, which
further degrade UAV’s stability and performance.

Let {F IOI , XI , YI , ZI} denote the Earth-fixed inertial
frame and {FBOB , XB , YB , ZB} the body-fixed frame. The
total UAV mass is M = Mq + Ml (t), where Mq∈ R is the
quadrotor’s mass, and rql ∈ R3 connects the UAV’s and
liquid’s centres of mass, influencing angular momentum
(Fig. 1).

2.1 The Translational Motion

Let R be the rotation matrix from the inertial frame FI to
the body-fixed frame FB , and rI ∈ R3 the UAV’s centre of
mass in FI . Neglecting Earth’s rotation [10], the kinematic
model is:

ṙI = RTV Ib = RTVb + (ωI × rI) (1)

where V Ib is the absolute velocity in FB , Vb is its relative
velocity, and ωI is the angular velocity in FI .
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Figure 1. (a) The physical coordinate system of the UAV. (b) Liquid tank position and attachment.

Using Newton’s second law for a system with time-
varying mass [27]:

Fb +RMg =
d(MV I

b )
dtI

(2)

With M = Mq + ml (t), the total mass. Applying the
Coriolis formulation [26] and simplifying:

V̇b = Fb

Mq+ml(t)
− ṁl(t)

Mq+ml(t)
[Vb +R (ωI × rI)]

− (ωb +RωI)× Vb +R [g − ωI × (ωI × rI)] (3)

Equation (3) captures the translational dynamics,
including time-varying mass and inertial coupling terms. It
is observed that if ṁl (t) is negligible, then V̇b approaches
the fixed mass version of the quadrotor. In this case, the
net force Fb includes external forces Fext and internal forces
Fin, such that Fb = Fext + Fin. The external forces consist
of the thrust Ft and other forces F0: Fext = Ft +F0, where

Ft =
[
0 0 −

∑4
i=1 Fti

]T
∈ R3, with Fti being the thrust

from the rotor i. For the internal forces, although other
forces like viscosity can be considered, the sloshing force
Fs is regraded for the sprayer quadrotor; thus, Fin = Fs.

2.1.1 Modelling Sloshing Effect

The sloshing force components [26] during UAV manoeu-
vres can be expressed as:

Fsx = −ρ
∞∑
i=1

∞∑
j=0

β̈ij (t)λxij, (4)

Fsy = −ρ
∞∑
j=0

β̈0j (t)λy0j (5)

With ρ the fluid density, and λxij and λy0j are
hydrodynamic coefficients. Under free oscillations, βij (t)
can be modelled as a harmonic function:

βij (t) = β̄ij sin (ωijt) (6)

where β̄ij is the amplitude of the sloshing mode (i, j), and
ωij is the sloshing frequency of the mode (i, j). Similarly,
the sloshing moments are computed as:

Ωsx = ρR

∞∑
j=1

β̈oj (t) (7)

,Ωsy = −ρ
∞∑
i=1

∞∑
j=1

β̈ij (t)

Kij
(8)

where the sloshing moments Ωsx and Ωsy are linearly
parameterisable,R is a characteristic dimension of the tank
(e.g., radius), and Kij is a parameter related to the sloshing
stiffness or frequency.

2.1.2 Modelling Changing Mass Effect

The liquid discharge dynamics are modelled by:ṁl (t) = −kcρlSnhl (t)

ml (t) = m0 − kcSnρl
∫ tf
t0
hl (t) dt

(9)

where ṁl (t) is the rate of change of the liquid mass and
ml (t) is the liquid mass at the time t.m0 is the initial liquid
mass at the time t0, kc is the discharge coefficient, Sn is the
nozzle area, hl (t) is the fluid height, and ρl is the liquid’s
density. This captures the mass variation due to spraying,
which influences both force and moment generation.

2.2 The Rotational Motion

The rotational dynamics of a quadrotor UAV are
significantly influenced by the presence of a liquid payload,
which introduces time-varying inertia and gravitational
torque due to shifts in the centre of mass. The net inertia
matrix is I = Iq + Il ∈ R3×3, where Iq is the constant
inertia of the quadrotor, and Il denotes the time-varying
inertia due to the liquid payload.

The total torque about the centre of mass is given by:

τ = τa + rql ×Rml (t) g (10)

Here, τa is the aerodynamic torque, rql is the offset
vector between the quadrotor and the liquid centre of mass,
and g is the gravitational acceleration.

Applying Newton’s second law of rotation and
incorporating the effects of time-varying mass and inertia,

3



the angular acceleration becomes:

ω̇b = − (Iq + Il)
−1

[ωb × ((Iq + Il)ωb)]− (Iq + Il)
−1[

ṁl (t)
(
rTqlrqlE0 − rqlr

T
ql

)
ωb + İolωb

]
+ (Iq + Il)

−1
τa + (Iq + Il)

−1
[rql ×Rml (t) g]

(11)

where ωb is the angular velocity in the body frame, and
İol accounts for the liquid’s own inertia dynamics. The
aerodynamic torque is decomposed as τa = τt + τ0 + τs,

with τt =
[
τφ τθ τψ

]T
being the control torques, τ0 other

aerodynamic effects, and τs from liquid sloshing.
Assuming the inertia matrix I is diagonal, and the

small-angle approximation holds (φ, θ ≈ 0), the final
simplified rotational dynamics [10] in Euler angles are:

φ̈

θ̈

ψ̈

 = I−1


θ̇ψ̇ (Iy − Iz)

φ̇ψ̇ (Iz − Ix)

φ̇θ̇ (Ix − Iy)

+ I−1


τφ

τθ

τψ

− I−1İ


φ̇

θ̇

ψ̇


+ I−1 (τ0 + τs +ml (t) rql × Rg) (12)

3. Model Analysis

In this section, the earlier derived mathematical model
is reformulated to enhance its applicability for controller
design. To facilitate this, the translational dynamics of
the quadrotor are expressed in a control-affine form. This
reformulation incorporates the effects of liquid sloshing
forces, time-varying mass, and external disturbances. The
resulting expressions enable the use of virtual control
inputs [10] u1x, u1y, and u1z, which are defined as:

ẍ = − ṁl

M ẋ+ 1
M (u1x + ∆1x) + dx

ÿ = − ṁl

M ẏ + 1
M (u1y + ∆1y) + dy

z̈ = − ṁl

M ż + 1
M u1z + dz (13)

where ∆1x and ∆1y denote sloshing effects; dx, dy, and dz
represent external disturbances. This formulation simplifies
their integration into the subsequent nonlinear control
framework, and R1, R2, and R3 are the first three rows of
the rotation matrix R. These are given as:

u1x = (c (φ) s (θ) c (ψ) + s (φ) s (ψ))u1,

∆1x = RT1 Fs, dx = RT1 F0/M ,

u1y = (c (φ) s (θ) s (ψ)− s (φ) c (ψ))u1,

∆1y = RT2 Fs, dy = RT2 F0/M ,

u1z = c (φ) c (θ)u1, dz = −g +
RT

3 F0

M .

(14)

where Fs is the sloshing force, and F0 is an external force.
The translational motion can be represented in a second-
order state-space form:

Σi :


ξ̇2i−1 = ξ2i, i = 1 . . . , 3

ξ̇2i = fi (ξr) + gi (ui + ∆i (ξr)) + di (ξr, t)

yi = ξ2i−1

(15)

where ξr = [ξ1, ξ2, ξ3, ξ4, ξ5, ξ6]
T

= [x, ẋ, y, ẏ, z, ż]
T

, fi (·) =
− ṁl

M ξ2i, gi = 1
M , and ∆i (ξr) represent the effects of

sloshing forces. For rotational dynamics, using (12), the
equations become:

φ̈ = − İxIx φ̇+
θ̇ψ̇(Iy−Iz)

Ix
+ 1

Ix
(τφ + ∆φ) + dφ

θ̈ = − İyIy θ̇ + φ̇ψ̇(Iz−Ix)
Iy

+ 1
Iy

(τθ + ∆θ) + dθ

ψ̈ = − İzIz ψ̇ + φ̇ψ̇(Iz−Ix)
Iz

+ 1
Iz
τψ + dψ

(16)

This can be written in state-space form [10]:

Σi :


ξ̇2i−1 = ξ2i, i = 1 . . . , 3

ξ̇2i = fi (ξω) + gi (τi + ∆i (ξω)) + di (ξω, t)

yi = ξ2i−1

(17)

where ξω = [ξ1, ξ2, ξ3, ξ4, ξ5, ξ6]
T

=
[
φ, φ̇, θ, θ̇, ψ, ψ̇

]T
and

f (ξω) = [fφ, fθ, fψ]
T

. The nonlinear terms fi(ξω) are given

by fφ = − İxIx φ̇ +
θ̇ψ̇(Iy−Iz)

Ix
, fθ = − İyIy θ̇ + φ̇ψ̇(Iz−Ix)

Iy
, and

fψ = − İzIz ψ̇ + φ̇ψ̇(Iz−Ix)
Iz

.
In sprayer quadrotor applications, sloshing effects

are significant and compensated using a neural network
(NN) identifier. Combining (15) and (17), the system is
compactly expressed as: ξ̇ (t) = Aξ (t) +B [f (ξ) + g (u+ Γ∆ (ξ)) + d (ξ, t)]

y = ξ (t)
(18)

where ξ =
[
x, ẋ, y, ẏ, z, ż, φ, φ̇, θ, θ̇, ψ, ψ̇

]T
, f (ξ) =

[fx, fy, fz, fφ, fθ, fψ]
T

, A and B are coefficient matrices of

appropriate dimensions, f (ξ) =
[
f1 (ξ) f2 (ξ) · · · fp (ξ)

]T
∈ Rp×1, g =

[
g1 g2 · · · gp

]T
∈ Rp×p, ∆ (ξ) =[

∆1 (ξ) ∆2 (ξ) · · · ∆p (ξ)

]T
∈ Rp×1, andΓ =[

Γ1 Γ2 · · · Γp

]T
∈ Rp×p.

The goal is to design a controller u that stabilises (18)
in the presence of sloshing effects ∆ (ξ) and disturbances
d (ξ, t), while ensuring the state (t) tracks the reference yr
and all closed-loop signals remain UUB [29].
Assumption 3.1. The control matrix g is invertible and
norm-bounded such that ≤ ḡM , where ḡm and ḡM are
positive constants.
Assumption 3.2. The sloshing term ∆ (ξ) and disturbance
derivative ḋ (ξ, t) are norm-bounded: ‖ ∆ (ξ) ‖≤ Q̄M , and
‖ ḋ (ξ, t) ‖≤ d̄M , for positive constants Q̄M and d̄M .—
Assumption 3.3. The reference signal yr(t) ∈ Rn is known
and bounded with bounded derivatives.
Remark 3.1. While Assumption 3.1 may be strong,
it ensures controllability and is critical for deriving a
feasible control strategy. Assumptions 3.2 and 3.3 ensure
system stability under bounded disturbances and tracking
requirements.
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To facilitate controller design, the tracking error is
defined as:

ż (t) = Az (t) + Fz + Bg (u+ Γ∆ (ξ)) + Bd (ξ, t) (19)

where (t) = ξ (t) − yr(t) and Fz = Bf (ξ) − (ẏr −Ayr).
Based on (19), a suitable composite controller is developed
for the system in the subsequent sections.

4. Construction of a Composite Controller

To estimate sloshing effects in a compact domain, an NN
identifier is employed:

∆ (ξ) = WTφ (ξ) + ε (ξ) (20)

Here, W ∈ Rl×p is the NN weight matrix, and l is the
neuron number. φ (ξ) ∈ Rl is the NNs activation function,
ε (ξ) is a bounded NN reconstruction error, and φ (ξ) and
W are norms bounded by φ̄M and W̄ , respectively. The
sloshing estimation error is given by ∆̃ (ξ) = ∆ (ξ)− ∆̂ (ξ),

where ∆ (ξ) is the ideal sloshing effect, and ∆̂ (ξ) is the
estimated sloshing effect. Note that a sigmoid activation
function of the form φj (ξ) = 2

1+exp(−Vokx) − 1 is employed

in the approximation, where φj (ξ) is the j-th element of
φ (ξ), and Vok is the k-th row of the constant weighted
matrix Vo ∈ Rl×n.

In this study, a sigmoid activation function is employed
owing to its universal approximation capability and
differentiability, which jointly enable stable weight adap-
tation in online learning. Specifically, its bounded output
ensures robustness against significant input variations,
while the smooth gradient facilitates efficient computation
of weight updates within Lyapunov-based stability analysis
frameworks [30]. These properties make it suitable for
estimating dynamic sloshing forces in real-time UAV
control applications.

Substituting into the system dynamics gives:

ż (t) = Az (t) + Fz + Bg
(
u+WTφ (ξ)

)
+D (ξ, t) (21)

where D (ξ, t) = Bd (ξ, t) + Bgε (ξ) is the lumped
disturbances. A DO is designed as follows to estimate the
lumped disturbances: D̂ (ξ, t) = Λ (z (t)− ξ (t))

ξ̇ (t) = Az (t) + Fz + Bg
(
u+ ŴTφ (ξ)

)
+ D̂ (ξ, t)

(22)

where Ŵ is the estimate of W . Λ is a positive-definite
diagonal matrix, and ‖ Λ−1 ‖= α1. Note that the
disturbance estimation error ed can be decreased by
increasing the diagonal values of Λ. Meanwhile, according
to Assumption 3.2, the derivative of d (ξ, t) is norm
bounded according to Assumption 3.2., i.e., ‖ Ḋ (ξ, t) ‖≤
δM . Thus, for large values of Λ, α1 becomes relatively
small such that α2

1δ
2
M reduces appreciably. Then, by

defining the estimation errors as ed = D (ξ, t) − D̂ (ξ, t)

and W̃ = W − Ŵ , the disturbance error dynamics can be

obtained as: ż (t) = Az (t) + Fz + Bg
(
u+WTφ (ξ)

)
+D (ξ, t)

ėd = −Λed −∆BgW̃Tφ (ξ) + Ḋ (ξ, t)
(23)

So, the controller is:

u = us + uo (24)

where uo is the nominal adaptive PI controller and us is
the SMC.

The integral sliding surface is defined as:

S (z) = Π

[
S1 (z)− S1 (0)−

∫ t

0

H (Az (t) + Fz

+Bguo) dτ ] ,

withΞ1 = ΠHBg. (25)

Here, ∂S1 (z) /∂z= H. Here, H ∈Rn×n and Π ∈ Rn×n
is a constant symmetric positive-definite matrix. Note
that S1 (z) can be chosen as S1 (z) = z ∈ Rn such that
∂S1 (z) /∂z is a pure identity matrix.

Using the observer and NN identifier, the controller
becomes:

us = −ŴTφ (ξ)− R̂sgn
(
STΞ1

)
− Ξ2ΠHD̂ (ξ, t)−KsS

(26)

Remark 4.1. WithH =I, the term (I−Ξ1Ξ2) ΠHD (ξ, t)→
0, simplifying:

Ṡ (z) = Ξ1W̃
Tφ (ξ) + Ξ1Ξ2ΠHed

− Ξ1R̂sgn
(
STΞ1

)
− Ξ1KsS (27)

The new signal defines:

Rb = Ξ2ΠHed (28)

Remark 4.2. It is noted that Rb cannot be calculated
directly since D (ξ, t) is unavailable. However, from
Assumption 3.2, it can be concluded that Rb is a bounded
signal. To estimate Rb, the robust feature of the sliding
surface can be explored. Let R̂ be the estimate of Rb and
define the estimation error as R̃ = R̄b − R̂, where R̄b ≥ 0
is the constant unknown bound of Rb.

Following Remark 4.2, the signal R̂ is generated as
follows:

˙̂R = αo

(∑p
i=1

∣∣(STΞ1

)
i

∣∣− λbR̂) , αo, λb > 0 (29)

Theorem 4.1. Consider system equation (18) with
controller equation (26) and update law in (30). The error

signals S, ed, W̃ , and R̃ are UUB. The weight tuning of the
NNs identifier is constructed as follows:

˙̂
W = Γn

(
φ (ξ)STΞ1 + n1Ŵ

)
(30)

where Γn ∈ Rl×l is a proper positive-definite diagonal
matrix and n1 > 0. Further, the DO is designed using (22)
and the coupled error dynamics are considered as in (23). If
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the controller is designed as (26), then the sliding surface S,
the disturbance estimation error ed, the weight estimation
error W̃ , and the error signal R̃ are UUB around the
neighbourhood of zero. Additionally, the ultimate bounds
can be decreased appreciably through proper choice of
Λ,Π, n1, and λb.

Lyapunov Function (Proof of Theorem 4.1):

L1 =
1

2
STS+

1

2
eTd Λ−1ed +

1

2
tr
(
W̃TΓ−1

n W̃
)

+
1

2
α−1
o R̃2 (31)

The derivative L̇1 is upper bounded by:

L̇1 ≤ − ‖ Ξ1Ks‖‖ S ‖2 −C1 ‖ ed ‖2 −C2 ‖ W̃ ‖2

− λb
2
R̄2
b + ∆ (32)

where C1 = 1/2 + φ̄2
M/2 ρ, C2 = ḡ2

M/2 ρ + n1/2, and
∆ = 1/2 α2

1δ
2
M + n1/2 W̄

2.
The outside is a compact set:

‖ Z ‖>

√
∆

λmin (Q)
(33)

Which implies that the sliding surface S (z) and the

estimation errors ed, W̃ , and R̃ are UUB, since φ̄M , ḡM , n1,
and δM are bounded positive constants. Considering (29),

it is found that R̂ is convergent, ensuring that us in (26)
remain bounded. This completes the proof of Theorem 4.1.
Remark 4.3. Theorem 4.1 depicts that the integral
sliding surface (25) and DO (22) ensures UUB stability,
although exact convergence S (z) = 0 is impractical. With
appropriate parameter selection Λ,Ks,Π, n1, and λb, the
effects of δM and W̄ are minimised, and all errors converge
near zero as t → ∞. To avoid chattering introduced by
sgn (·) function in (26), a thin boundary layer using based on
arctan

(
STΞ1 (z) /ι

)
is applied, where ι is a small constant.

The next step involves designing uo to achieve
suboptimal tracking for the nominal system.

4.1 Adaptive PI-based Control Design for the
Nominal System

When the SMC us compensates for disturbances and
sloshing, the nominal error dynamics can be simplified to:

ż = Az (t) + Fz + Bguo (34)

Define an auxiliary error:

ez = R1z (t) +R2

∫ t
0
z (t) dτ (35)

where R1 and R2 ∈ Rp×n are carefully chosen positive
matrices. This leads to:

ėz = (R1A+R2) z (t) +R1Fz +R1Bguo (36)

Assumption 4.2. According to Theorem 4.1, the error
signal z (t) is bounded, since the sliding surface S (z) and
the function FZ have all been shown to be bounded. This
permits the following strong assumption to be stated: the

term (R1A+R2) z (t)+R1Fz is upper bounded by a positive
constant āM , such that ‖ (R1A+R2) z (t)+R1Fz ‖≤ āM ‖
ez ‖.

A PI-like controller is proposed as:

uo = − (Kp (t) +K1)R1z (t)

− (KI (t) +K2)

∫ t

0

z (t) dτ (37)

where Kp (t) ∈ Rp×p and KI (t) ∈ Rp×n are time-varying
proportional and integrator gains, and K1, and K2 are
positive constant matrices of appropriate dimensions.
Remark 4.4. Thus, four degrees of freedom for PI gain
estimation can be obtained if Kp (t) ,KI (t) ,K1, and K2

are selected independently. For simplification, let KI (t) =
Kp (t)R2, and K2 = K1R2. Then:

uo = − (Kp (t) +K1) ez (38)

Theorem 4.2. Defining adaptive laws:

Kp (t) = ς0Θ̂−K1, ς0 ∈ R+

˙̂
Θ = Γp

(
ς0 ‖ ez ‖2 K1 − ς1Θ̂

)
, ς1 ∈ R+ (39)

where Γp ∈ Rp×p is a diagonal positive-definite matrix,

and Θ̂ is the estimate of Θ, with the estimation error given
by Θ̃ = Θ − Θ̂. If Assumption 4.2 is satisfied, then the
errors Θ̃ and ez are UUB, and the system tracking error
z (t) will converge around zero with a suitable selection of
R1, R2, ς0, ς1.

Lyapunov Function (Proof of Theorem 4.2):

L2 = 1
2e
T
z ez + 1

2 tr
(

Θ̃TΓ−1
p Θ̃

)
(40)

Its derivative leads to:

L̇2 ≤ −ϑ2 ‖ ez ‖2 −
ς1
2
‖ Θ̃ ‖2 +

ς1
2
ϑ2

1

≤ −λmin (Me) ‖ Be ‖2 +
ς1
2
ϑ2

1

≤ −KL2+C (41)

Here,

Be =

ez
Θ̃

 , Me =

ϑ2 0

0 ς1
2


K = λmin (Me) , C = ς1

2 ϑ
2
1.

By integrating (41),

0 ≤ L2 ≤ C
K +

(
L2 (0)− CK

)
exp−Kt . (42)

From (42), it is clear that the ultimate convergence of
L2 is guaranteed, i.e., limt→∞ L2 = C

K , which means that
the auxiliary error ez and the parameter estimation error
Θ̃ are stable in the sense of UUB. Thus, according to (38),
the nominal controller uo is also bounded. Finally, since ez
is UUB, it can then be concluded that the tracking error
z (t) is bounded and converges around the neighbourhood
of zero, where the ultimate convergence can be guaranteed
by properly tuning the parameters ς0, ς1, R1, and R2. This
completes the proof of Theorem 4.2.
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Figure 2. Block diagram of the control loop.

The overall control law is as follows:

u = us + uo

= −ŴTφ (ξ)− R̂sgn
(
STΞ1

)
− Ξ2ΠHD̂ (ξ, t)−KsS

− (Kp (t) +K1) ez (43)

Theorem 4.3. For the error dynamics in (19), the DO
is designed as in (22), and the sliding-mode sloshing
accommodation as in (25). The adaptive controller for the
overall closed-loop system is given in (43). The update laws
for the NN identifier and that of the PI-based design are
provided in (30) and (39), respectively. By utilising the
basic assumptions (1–4), it is shown that all signals in the
closed-loop system remain stable in the sense of UUB, and
the tracking error z (t) converges to a small neighbourhood
near the origin.

Lyapunov Function (Proof of Theorem 4.3):

L = L1 + L2 (44)

Based on Theorems 4.1 and 4.2, the equation is derived
as:

L̇ ≤ −λmin (Πz) ‖ X̄ ‖2 +∆̄p (45)

It is then found that L̇ is negative if ‖ X̄ ‖>
√

∆̄p

λmin(Πz)

which means all the signals in the vector X̄ are UUB.
From (35) and (38), the boundedness of ez ensures that

uo,
∫ t

0
z (t) dτ, and z (t) remain bounded. As z (t) = ξ − yr,

it suggests that ξ is also a bounded signal and hence Fz and
ż in (34) are all bounded. Moreover, it is evident from (45)
that the ultimate bound of ez can be arbitrary small if the
parameters α1, n1, and ς1 are appreciably small enough.
This implies that the tracking error z (t) converges to small
neighbourhood around zero as t→∞. Hence, the proof of
Theorem 4.3 is complete.

5. Numerical Study

5.1 Parameters

In this section, numerical simulations of the developed
strategy are carried out to evaluate the effectiveness of
the proposed adaptive robust control scheme. To verify
this scheme, simulations were performed using MATLAB
R2016b. The control architecture, including the DO, NN
identifier, and controllers, is illustrated in Fig. 2, and the
physical parameters of the liquid carrier UAV are presented
in Table 1.

The corresponding system matrices related to the
parameters in (18) are defined as follows:

Ar = Aω =



0 1 0 0 0 0

0 0 0 0 0 0

0 0 0 1 0 0

0 0 0 0 0 0

0 0 0 0 0 1

0 0 0 0 0 0


, Br = Bω =



0 0 0

1 0 0

0 0 0

0 1 0

0 0 0

0 0 1


,

A =

 Ar 06×6

06×6 Aω

 , B =

 Br 06×3

06×3 Bω

 ,
xd = cos (0.5t) m, zd = 1 + t m,
ψd = 0.5 rad, φd = tan−1((
u1x

u1z
− tan (θd) cos (ψ)

)
cos(θd)
sin(ψd)

)

θd =
(u1x cos (ψ) + u1y sin (ψ))

u1z
,

yd =


2, if 0 ≤ t < 10

1, if 10 ≤ t < 20

2, otherwise

, φ, θ ∈
(
−π

2
− δ, π

2
+ δ
)

for small δ > 0.
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Table 1
Parameters of the Liquid Carrier Quadrotor UAV [4]

System

Parameters Values Unit

Mass 12 kg

Arm length 22.5 cm

Vertical distance 20 cm

Moment of inertia 1.5, 1.5, 3 kgm2

Gravity 9.8 ms−2

Rotor inertia 0.003 kgm2

Rotor angular velocity 0.03 rads−1

Length 36 cm

Width 36 cm

Height 36 cm

Mass 5 kg

Density of the liquid 1002 kgm3

Sloshing frequency 0.2∼0.4 rads−1

The initial translational position and velocity
vector are given as ξr = [0.2,−0.2, 2, 2, 0.2, 0]

T
and

angular position and angular rate vector are ξω =
[−0.1, 0, 0.3, 0.2, 0.1, 0.2]

T
. According to the composite

control design, parameters chosen are: Λ = 15In×n,

αo = 10, λb = 0.7, H =In×n, R̂ (0) = 0, n1 = 0.5, and
Γn = 3 × 10−3Il×l. V0 ∈ Rl×n and the initial value of

Ŵ ∈ Rl×p are randomly selected within the interval [0, 1],
with p = 6, n = 12, and l =11. Ks = rand (6, 12) and
Π = I12×12 are chosen as the sliding gain and identity
matrix. The parameters for the adaptive PI-based nominal
controller are selected as ς0 = 14Ip×p, ς1 = 1.8× 10−3Ip×p,
Θ̂ (0) = 0Ip×p, R1 = 20 ∗ rand (6, 12), R2 = 2 ∗ rand (6, 12),
and K1 = 7 ∗ rand (6, 6).

Sloshing loads were employed in the body frame as
sinusoidal inputs: forces Fs,x = −0.128 sin(0.4t) N, Fs,y =
−0.024 sin(0.2t) N and torques τs,x = −0.046 sin(0.4t)Nm,
τs,y = 0.08 sin (0.2t) Nm.Aerodynamic/rotor translational
disturbance used Va = 2 ms−1, b = 0.3 rad, Fh1..4 =
{1.2, 2.3, 4.1, 1.6} N , ρa = 1.2 kgm−3, Sa = 0.4 m2,
Cxy = 0.2, Cz = 0.1, yielding dr = Fh + Fd ≈
[8.606, 2.662, 0.096]> N . Rotor-hub/gyroscopic torque
disturbance used Jr = 0.003 kgm2, Ωr = 400 s−1,
p = 0.3, q = 0.4, giving τ0 ≈ [−0.064, 1.398, 0.343]> Nm.
Disturbance scheduling matched the plotted cases: in the
x–y translation channels, dx = dr,xfor 0 ≤ t < 15 s
then a 1 N bias; dy = 0 for 0 ≤ t < 5 s, dy = dr,yfor
5 ≤ t < 15 s, then 1 N + 0.3 N exp(−2t). In attitude,
θreceived τ0,y and ψ received τ0,z over 0 ≤ t < 15 s, then a
1Nm bias (or 1 Nm+ 0.3 Nm exp(−2t)). The payload mass
decreased according to ṁ = −kcρSnhl with kc = 0.08 and
Sn = 1× 10−6 m2.

Figure 3. Time response of the quadrotor’s X and Y
positions in the presence of external disturbances.

6. Results

The performance of the proposed adaptive robust controller
was evaluated in MATLAB using a plant protection
quadrotor model that incorporates liquid sloshing dynam-
ics. The simulation results cover trajectory tracking,
sloshing disturbance rejection, and a comparative analysis
with a PID controller. The complete set of simulations is
available in an online repository [31] for future research
and development purposes. The trajectory tracking results
demonstrate the tracking performance of the proposed
controller as shown in Figs. 3–6. Figures 3 and 4 illustrate
the positional tracking response of the quadrotor under
the influence of external disturbances and varying liquid
mass, while the overall control architecture, including the
DO, NN identifier, and controllers, is depicted in Fig. 2.
Figure 5 demonstrates the rotational motion response and
3D tracking performance is illustrated in Fig. 6. It obvious
that the proposed controller provides a good response
capabilities, confirming that the measured states ξ closely
track the desired signals yd in the presence of disturbances.
As presented in Fig. 4, small peaks occur at t = 10 s and
t = 25 s due to the changing liquid mass (from 5 kg to
3 kg to 1 kg) in the tank; however, the trajectory converges
quickly to reference signal, depicting that the proposed
control scheme works well to guarantee the stability of the
system despite the presence of the changing liquid mass.

6.1 Trajectory Tracking

6.2 Controller Response to Sloshing Effects

From Fig. 7, it can be observed that the sloshing forces Fs,x
and Fs,y are estimated accurately by the NN identifier,
while the sloshing moments τs,x and τs,y are compensated
by the nonlinear DO. This shows that the NN identifier
can be regarded as an effective scheme for detecting
liquid sloshing. Furthermore, the effect of the sloshing
moments in the angular rates has also been effectively
eliminated, as seen in Fig. 8. The effects of sloshing and
controller’s reaction can further be observed in the sliding
surfaces as shown in Fig. 9. Likewise, the adaptive robust
controllers shown in Fig. 10 illustrate how the main thrust
u1 together with the torques uϕ, uθ, and uψ works to

8



Figure 4. Time response of quadrotor’s z position in the
presence of changing mass and external disturbances.

Figure 5. Time response of the quadrotor roll, pitch, and
yaw in the presence of external disturbances.

Figure 6. 3D path tracking of the quadrotor using the
proposed control scheme for attitude and position control
under external disturbances and changing liquid mass.

regulate the changes in altitude and the variations due to
liquid sloshing. Finally, the convergence of the parameters
of the proposed adaptive PI-based nominal controller is
presented in Fig. 11.

Figure 7. Time response of the quadrotor’s X and Y
velocities in the presence of sloshing forces.

Figure 8. Time response of the quadrotor’s roll and pitch
rates in the presence of sloshing moments.

Figure 9. Sliding surfaces concerning the positions and
orientations.

6.3 Comparison with PID Controller

To further demonstrate the effectiveness of the proposed
adaptive robust controller, its tracking performance is
compared with that of a PID controller using the
experimental setup. The integral absolute error (IAE),

defined as IAE (Σi) =
∫ t

0
|Ei|dτ is used to summarise the

tracking performance of the two controllers, where Ei =√
z2
i,1 + z2

i,2 + . . .+ z2
i,ni

. For translational motion, ni = 6,

with i = 1, 2, 3 for the subsystems ẍ, ÿ, and z̈, respectively.
Similarly, for the rotational motion ni = 6 with i = 1, 2, 3
for the subsystems φ̈, θ̈, and ψ̈, respectively. In the absence
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Figure 10. The control inputs of quadrotor in the presence
of sloshing forces and external disturbances.

Figure 11. Adaptive gains of the PI controller.

of sloshing forces and a zero-mass rate, the proposed scheme
guarantees superior tracking performance. For clarity of the
results, the tracking performance of both control schemes
is illustrated in Fig. 12. It can also be observed that the
angular positions depict nearly equal performance for both
the proposed and PID controllers. This is particularly
due to the fact that the sloshing effect mainly affects in
the translational motion rather than rotational motion. In
addition, as sloshing in the z-direction was set to zero; both
the controllers exhibit similar tracking performance in the
z-direction.

For liquid-carrying UAVs, integral tracking-error
indices (e.g., IAE) function as stability indicators because
they capture both transient and steady deviations
under persistent, state-dependent disturbances. Among
comparable studies, each tackle only one side of the liquid
problem while benchmarking against classical baselines.
The ISA SMC [28] focuses time-varying mass and compares
it to a PD controller, reporting rapid closure, very high
attitude accuracy, and severe overshoot/instability of PD
under mass change. In contrast, the recent LQG [27]
targets sloshing, compares to PID/PI controllers, and
reports an overall reduction of the integral tracking-
error norm from 0.59 (PID) to 0.47 (LQG) (∼20%),

Figure 12. Comparison of the tracking performance of
subsystems Σi among the proposed adaptive robust
controller and a PID controller.

alongside lower actuation effort. Our composite AIPI-SMC
addresses the practical, complex mixed-disturbance case
by jointly compensating time-varying mass and internal
slosh via integral sliding, DO, and NN slosh identifier.
Against a well-tuned PID, it achieves ≈41.4% (x -axis)
and ≈53.8% (y-axis) IAE reductions while maintaining
comparable functionality in attitude channels. In short,
whereas ISA SMC (versus PD) and LQG (versus PID/PI)
excel effectively when each targets a single disturbance
source, our presented model yields higher tracking-error
gains in the mixed-disturbance regime, surpassing the
tracking-error reduction record for LQG’s.

7. Conclusion and Future Work

In the current study, an adaptive integral PI-based
SMC (AIPI-SMC) was designed for stabilising agricultural
sprayer quadrotor UAVs, which face dynamic distur-
bances from liquid sloshing and variable payloads during
spraying operation and obstacle avoidance. Combining
NN identification with a nonlinear DO, a mathematical
model was designed for quadrotor UAVs with an
attached liquid tank. A sigmoid activation function was
employed in the NN to estimate the dynamic liquid
slosh due to its universal approximation capability and
differentiability, which together bound the output to
ensure stable adaptation of weights in online learning. The
bounded output improves robustness against significant
input variations, while the smooth gradient facilitates
efficient computation of weight updates within Lyapunov-
based stability analysis frameworks. Based on this, a
nonlinear DO is developed to effectively estimate external
disturbances. By integrating these two observers, the
AIPI-SMC was designed, and the PI-based controller
stabilises the nominal system and improves trajectory
tracking. Lyapunov-based stability proofs demonstrate
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that the overall system errors remain bounded, ensuring
robust trajectory tracking despite uncertainties. Numerical
simulations demonstrate the effectiveness of the proposed
controller in tracking performance and disturbance rejec-
tion, surpassing a conventional PID controller. Overall, the
presented control strategy effectively maintains stability
and robustness even under significant mass variations and
liquid sloshing, making it highly applicable for agricultural
UAV spraying operations. Future work will focus on
experimental validation, including hardware-in-the-loop
(HIL) and field flight experiments, and on extending the
framework to more aggressive flight manoeuvres and larger
payload variations.
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