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Abstract

The corner smoothing method is commonly used to smooth linear

tool paths of robotic machining, and the robot pose optimisation

method is usually adopted to improve robot stiffness. However, the

robot pose is optimised by adjusting the redundant angle, which does

not affect the tool pose and has not been considered in the process

of tool path smoothing. The discontinuous redundant angle affects

the continuity of the robotic axis motion, which would result in

breakage. This study proposes an innovative C3 continuous robotic

tool path smoothing method with shape-preserving, redundant angle,

and accurate real-time interpolations. First, to ensure accurate real-

time interpolation, only the tooltip position corner is smoothed by

the C3 continuous Pythagorean-hodograph spline with the error

tolerance constraint. Second, the tool orientation and redundant

angle are smoothed by the C3 continuous B-spline, which has

fewer control points and more efficient interpolation. Third, to

guarantee the synchronisation of the three smoothed tool paths,

a transitive synchronisation strategy is proposed. The simulations

and experiments verified that the proposed method could obtain

jerk continuous axis motion with shape-preserving interpolation.

Comparative experiments showed that the proposed method could

significantly reduce the tracking error of each axis.
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1. Introduction

Industrial robots have lower cost, larger workspace,
and stronger generality than computer numerical control
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machine tools [1]. Industrial robots are suitable for the
flexible processing of multi-specification parts in multiple
scenarios. When equipped with a mobile platform and
multirobot collaboration mode, industrial robots can
further increase the workspace and improve processing
flexibility and efficiency [2], [3]. However, the machining
path command is usually a sequence of discrete tool
cutting locations, and the tool experiences frequent
acceleration and deceleration during its movement along
the discrete tool cutting locations, which restricts the
robotic machining efficiency and stability [4], [5]. High-
order continuous path smoothing is important to improve
the efficiency and accuracy of the robotic machining process
[6], [7].

The tool path smoothing of robots is initially
applied in the joint space and improves the efficiency
of the robot in completing tasks, such as handling. The
smoothing method in the joint space directly smooths
the discrete joint commands. The advantage is that the
planned joint paths can be directly used to drive robot
joints without further kinematic transformations [8]–[10].
However, because of the strong nonlinear kinematics of the
robot, this method encounters difficulties in constraining
the trajectory smoothing error at the end of the tool and
is unsuitable for precise contour motion scenarios.

In the task space, the tool path is represented by
the tooltip position and tool orientation in the workpiece
coordinate system (WCS). To ensure the smooth movement
of each joint axis of the robot, both the tool position
and tool orientation need to be smooth [11]. In addition,
the position and posture after smoothing need to be
synchronised to ensure high-order continuity of joint
displacement [12], [13]. The mainstream methods include
global smoothing [14], [15] and local corner smoothing [16].
Direct corner smoothing of the tool path makes it easy
to constrain the actual deviation between the smoothed
and reference paths. Sun et al. [17] adopted the FIR filter
interpolation method to generate the smooth tool pose
for the 6R robot manipulator, the tool pose deviations
are all constrained by special designing the overlapping
time at the corners. Peng et al. [18] proposed a decoupled
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Figure 1. C3 continuous splines of (a) PH spline and (b) B-spline.

local smoothing method for industrial robots and the
orientation error is constrained analytically. The path
deviation of robot milling directly affects the machining
quality. Therefore, the robot milling tool path smoothing
method needs to be investigated under the error tolerance
constraints in the task space.

The tool path smoothing method of the robot end
usually uses microsplines instead of tooltip position path
corners and tool orientation corners. To ensure jerk
continuous axis motion, the tooltip position and tool
orientation after smoothing need to be synchronised
to ensure high-order continuity of tooltip displacement.
The commonly used microsplines include B-splines [19]–
[21], Non-Uniform Rational B-Splines (NURBS) splines
[22], [23], Bézier splines [24], [25], and Pythagorean-
hodograph (PH) splines [9], [26], [27]. B-spline is a
commonly used parameter curve that can be locally
modified. Huang et al. [21] adopted B-splines smoothing
linear segements, and proposed the smoothing method as
not only smoothing the corner in the convex side, but back
and forth between the convex and concave sides to decrease
the maximum curvature. NURBS splines can not only be
locally modified, but also precisely control the shape of
curves to meet specific geometric requirements. Liu et al.
[22] proposed a high-precision interpolation system by
segmenting global NURBS curve into a collection of Bézier
splines to meet the chord error constraint. The form of
Bezier spline curve is relatively simpler compared to the
B-spline and NURBS spline , so it is widely used in path
planning. Sencer et al. [25] proposed a geometric corner
smoothing algorithm based on quantic Bézier spline and
obtained the optimal curvature geometry. The PH spline
form is the same as Bézier spline, but more complex than
the Bézier spline with the same parameter continuous. The
biggest advantage of PH spline over the above spline is
that the arc length can be analytically calculated.

The B-spline control point has strong flexibility in
terms of setting, but the disadvantage is that the arc
length cannot be analytically calculated. The calculation
of the path length of the smoothed tooltip position
can only be done by numerical approximation methods,

which have a large computational load and low accuracy
[28]. In addition, Taylor expansion is commonly used
to solve spline parameters based on arc length during
the interpolation process, which may result in truncation
errors. The truncation errors could cause axis acceleration
and jerk jumps at both ends of the spline, even exceeding
the set value. The NURBS and Bézier splines have the
same problem as the B-spline. However, the length of the
PH spline is a polynomial of the spline parameter [29], [30].
Farouki et al. [29] was the first to validate the use of PH
splines on open CNC machines. Walton and Meek [30] has
achieved G2 continuity by cubic and quntic PH splines.
The tooltip position path length after using PH spline
smoothing can be accurately and analytically calculated,
and the calculation efficiency and accuracy are significantly
improved compared with those of B-splines. However, the
reason why PH splines have such an advantage is that
the components of the PH spline derivative satisfy the
Pythagorean theorem [31], [32]. A regular polynomial can
only be transformed into a PH spline by first squaring
its derivative and then integrating it. Therefore, the PH
spline with the same continuous order has nearly twice as
many control points as the B-spline, as shown in Fig. 1.
The distribution of the positions of the control points is
more complex than that of the B-spline, which makes the
process of synchronisation more complex. Hu et al. [33]
realised real-time C3 continuous corner smoothing and
interpolation for five-axis machine tools by PH spline.
An analytical synchronisation algorithm is developed to
guarantee the motion variance of the smoothed tool
orientation related to the tool tip displacement is also C3

continuous. Although synchronisation has been achieved in
previous studies, robot tool end smoothing still encounters
challenges.

The robot with six degrees of freedom (DOF) has
an extra redundant degree around the tool axis, which
can be optimised to achieve higher stiffness [34]–[37]. The
extra redundant angle does not affect the tool pose in
the WCS but influences the joint configuration of the
robot [26], [38], [39]. To obtain continuous axis motion,
the tooltip position, tool orientation, and redundant angle
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Figure 2. Flowchart of the proposed corner smoothing algorithm for robotic machining.

should all be smoothed for robotic machining. However,
synchronisation among the three is quite difficult to achieve
in the end.

To improve the accuracy and efficiency of robotic
machining, this study proposes an innovative C3 con-
tinuous corner smoothing method with shape-preserving,
redundant angle, and accurate real-time interpolations.
The proposed method will fully utilise the advantages
of the PH spline and B-spline to efficiently solve the
problems of analytically calculating the path length of
the smooth tooltip position and the error tolerance
constraints and synchronising the tooltip position, tool
orientation, and redundant angle, as shown in Fig. 2.
First, to ensure accurate and real-time interpolation, only
tooltip position corner is smoothed by the C3 continuous
PH spline with the error tolerance constraint. Second,
the tool orientation and redundant angle are smoothed
by the C3 continuous B-spline, which has fewer control
points and more efficient interpolation. Third, to guarantee
the synchronisation of the three smoothed tool paths,
a transitive synchronisation strategy is proposed. First,
the tool orientation is synchronised with the tooltip
position. Then, the redundant angle is synchronised with
the tool orientation to achieve the goal of synchronising
the redundant angle with the tooltip position. The details
will be represented in the subsequent sections, which are
organised as follows: Section 2 discusses the development
of the analytical corner smoothing algorithm. Section 3
explores the analytical synchronisation algorithm. Sec-
tion 4 presents the simulations and experiments conducted
to verify the proposed method. Section 5 concludes the
paper.

2. Analytical Corner Smoothing Algorithm with
Redundant Angle for 6R Robot

The 6R robotic machining toolpath is generated by
commercial computer-aided manufacturing software. The

machining tool path is formed by connecting the
cutter location ([Pn, On]

T
= [Px, Py, Pz, Oi, Oj , Ok]

T
n =

0, 1, 2, . . .) in the WCS. The cutter location contains

the tooltip position P = [Px, Py, Pz]
T

expressed in the
Cartesian coordinates and the tool orientation O =
[Oi, Oj , Ok]

T
expressed as the unit vector in the spherical

coordinates. However, in the robotic machining system, a
six-dimensional vectorM = [x, y, z, α, β, γ]

T
represents the

tool pose. [x, y, z]
T

is the tooltip position that is the same

as the tooltip position P = [Px, Py, Pz]
T

, but [α, β, γ]
T

are
z − y − z Euler angles. The cutter location in the WCS
could be transferred to the tool pose of robotic machining
by the transfer matrix, as follows:

w
t T = Rot (z, α) Rot (y, β) Rot (z, γ) Trans (Px, Py, Pz) , (1)

where Rot(z, α) =


cosα − sinα 0 0

sinα cosα 0 0

0 0 1 0

0 0 0 1

, Rot(y, β) =


cosβ 0 sinβ 0

0 1 0 0

− sinβ 0 cosβ 0

0 0 0 1

, Rot(z, γ) =


cos γ − sin γ 0 0

sin γ cos γ 0 0

0 0 1 0

0 0 0 1

, and

Trans(Px, Py, Pz) =


1 0 0 Px

0 1 0 Py

0 0 1 Pz

0 0 0 1

. Expanding (1) yields the

relation between the tool orientation O = [Oi, Oj , Ok]
T

and the Euler angles [α, β, γ]
T

, as follows:
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O = [Oi, Oj , Ok]
T

= [cosα sinβ, sinα sinβ, cosβ]
T
. (2)

According to (2), the Euler angle γ could be arbitrary
and would not affect the tool orientation in the WCS.
Therefore, the Euler angle γ is called the redundant DOF.
However, for a cutter location with the Euler angle γ, the
following unique corresponding robot configuration can be
derived:

θ (P,O, γ ) = [θ1, θ2, θ3, θ4, θ5, θ6]
T

(3)

based on the closed-form inverse kinematic transformation.
In this study, a shape-preserving toolpath smoothing

method is proposed to optimise the robotic machining
trajectory, considering the error tolerance constraint, tool
orientation, and redundant angle. The tooltip position, tool
orientation, and redundant Euler angle γ are smoothed by
theC3 continuous spline. To achieve real-time interpolation
with velocity, acceleration, and jerk continuity of each axis,
the tool orientation and redundant Euler angle γ need to
be synchronised with the tooltip displacement. The details
of the proposed corner smoothing and synchronisation
method for the 6R robotic manipulator are presented in
the subsections of this section.

2.1 Tooltip Position Corner Smoothing Algorithm

Because the robotic machine interpolator computes motion
commands based on the given path length of the contour,
the accurate computation of the smoothed tooltip position
P = [Px, Py, Pz]

T
is essential for robotic machining

performance. In contrast to the Bezier/B-spline, the PH
spline admits the analytic arc length by simply evaluating
a polynomial. For an accurate interpolator, the PH spline is
chosen to smooth the corner of the tooltip position corner
in the WCS directly, as shown in Fig. 3. P0, P1, P2 are
arbitrarily three consecutive tooltip positions in the WCS.

Given two linear segments
−−−→
P0P1 and

−−−→
P1P2 that form a

planar, to obtain a smooth jerk performance, a C3 planar
PH spline is constructed. Because the synchronisation
strategy proposed in Section 3 would not adjust the
smoothing spline of the corner, theC3 PH spline is designed
as symmetric, which can constrain the deviation precisely.
In addition, the maximum deviation between the smoothed
spline and the reference linear tooltip path occurs at the
midpoint of the spline.

The C3 PH spline is expressed in the Bernstein form
as follows:

rp (u) =

11∑
i=0

Aib
11
i (u) , u ∈ [0, 1] , (4)

where u is the spline parameter, b11i (u) = 11!
i!(11−i)!u

i

(1− u)
11−i

is the basis function, and Ai is the control
point. All control points of the symmetric C3 PH spline

Figure 3. Corner smoothing of the tooltip position in the
WCS.

were evaluated by [28] as follows:

A0 = P1 − (3lpe + l′pe)
−→
T0

A1 = P1 − (2lpe + l′pe)
−→
T0

A2 = P1 − (lpe + l′pe)
−→
T0

A3 = P1 − l′pe
−→
T0

A4 = A3 + 5
6 lpe
−→
T0 + 1

6 lpe
−→
T2

A5 = A4 + 10
21 lpe

−→
T0 + 11

21 lpe
−→
T2

A6 = A5 + lpe
−→
T2

A7 = A6 + 10
21 lpe

−→
T1 + 11

21 lpe
−→
T2

A8 = P1 + l′pe
−→
T1

A9 = P1 + (lpe + l′pe)
−→
T1

A10 = P1 + (2lpe + l′pe)
−→
T1

A11 = P1 +
(
3lpe + l′pe

)−→
T1,

(5)

where
−→
T0 =

−−−→
P0P1∥∥∥−−−→P0P1

∥∥∥ ,
−→
T1 =

−−−→
P1P2∥∥∥−−−→P1P2

∥∥∥ ,
−→
T2 =

−→
T0+
−→
T1∥∥∥−→T0+
−→
T1

∥∥∥ , l′pe =(
55
42 + 25

21 cos(α2 )

)
lpe, and α = (

−→
T0 ·
−→
T1). Then,

∥∥∥−−−→A0P1

∥∥∥ can

be inferred as follows:

∥∥∥−−−→A0P1

∥∥∥ =
∥∥∥−−−−→P1A11

∥∥∥ =

(
181

42
+

25

21 cos
(
α
2

)) lpe. (6)

The length lpe is constrained by the user-defined
error tolerance (εp). As shown in Fig. 3, the maximum
smoothing deviation occurs at the midpoint of the inserted
PH spline when the spline is symmetrical. The maximum
smoothing deviation must be constrained as follows:

‖r (0.5)− P1‖ ≤ εp. (7)
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According to (7) and referring to the study conducted
by [28], the length lpe is constrained by the user-defined
error tolerance (εp) as follows:

lpe ≤
εp(

355
672 + 25

21 cos(α2 )

)
sin
(
α
2

) . (8)

Given that the synchronisation strategy proposed in
Section 3 requires a remaining linear segment between
two splines of two adjacent corners, the maximum

allowable lengths of the segments
∥∥∥−−−→A0P1

∥∥∥ and
∥∥∥−−−−→P1A11

∥∥∥
are calculated as follows:

∥∥∥−−−→A0P1

∥∥∥ ≤ ∥∥∥−−−→P0P1

∥∥∥
4∥∥∥−−−−→P1A11

∥∥∥ ≤ ∥∥∥−−−→P1P2

∥∥∥
4

. (9)

Combining the conditions expressed in (6), (8), and
(9), lpe is determined as follows:

lpe = min

 10.5
∥∥∥−−−→P0P1

∥∥∥
181 + 50

cos(α2 )

,
10.5

∥∥∥−−−→P1P2

∥∥∥
181 + 50

cos(α2 )

,

εp(
355
672 + 25

21 cos(α2 )

)
sin
(
α
2

)
 . (10)

The function of the arc length of the C3 PH spline
with respect to the parameter u is referred to in the study
conducted by [28].

2.2 Tool Orientation Corner Smoothing Algorithm

In this study, the tool orientation is also smoothed in the
WCS directly to constrain the deviation properly. Because
the tool orientation O = [Oi, Oj , Ok]

T
in the WCS is

the orientation vector in a sphere, the tool orientation
is smoothed in the spherical coordinates, as shown in
Fig. 4. O0, O1, O2 are arbitrarily three consecutive tool
orientations in the WCS, and the two linear segments−−−→
O0O1 and

−−−→
O1O2 form a corner. Given that the arc length

of the tool orientation microspline is not required when
interpolating, the C3 B-spline, which has fewer control
points, is chosen as the tool orientation smoothing spline.
To constrain the tool orientation error, the C3 B-spline is
first designed as symmetric.

To realise C3 continuous corner smoothing, the
symmetric quintic B-spline with seven control points
employed in the study of [40] is chosen to smooth the tool
orientation. The symmetric quintic B-spline is expressed
as follows:

rO (u) =

6∑
i=0

Ni,6 (u)Bi, u ∈ [0, 1] , (11)

where u is the spline parameter, Bi represents the control
points, and Ni,6(u) is the basic function of the symmetric
quintic B-spline. The basic function Ni,6(u) is recursively

Figure 4. Corner smoothing of the tool orientation in the
WCS.

defined with the knot vector U , as follows:

U = [u0, u1, u2, u3, u4, u5, u6, u7, u8, u9, u10, u11, u12]T

= [0, 0, 0, 0, 0, 0, 0.5, 1, 1, 1, 1, 1, 1]T

Ni,6 (u) = u−ui
ui+5−uiNi,5 (u) + ui+6−u

ui+6−ui+1
Ni+1,5 (u) 1

Ni,0 (u) =

 1, ui ≤ u < ui+1

0, otherwise

(12)

The position of the control point Bi satisfies the
following expression:B0 −B1 = (B1 −B2) /2, B1 −B2 = B2 −B3

B6 −B5 = (B5 −B4) /2, B5 −B4 = B4 −B3

. (13)

Assuming the length of the control polygon
∥∥∥−−−→B0B1

∥∥∥ =

loa and
∥∥∥−−−→B5B6

∥∥∥ = lob, the fourth control point B3 is chosen

at the corner position O1. Then, the other control points
are obtained as follows:

B0 = O1 − 5loa
−→
T0

B1 = O1 − 4loa
−→
T0

B2 = O1 − 2loa
−→
T0

B3 = O1

B4 = O1 + 2lob
−→
T1

B5 = O1 + 4lob
−→
T1

B6 = O1 + 5lob
−→
T1.

, with
−→
T0 =

−−−→
O0O1∥∥∥−−−→O0O1

∥∥∥ ,−→T1 =

−−−→
O1O2∥∥∥−−−→O1O2

∥∥∥

(14)

The values of loa and lob are evaluated based
on the user-defined orientation error tolerance εo and
synchronisation condition. The situation under the user-
defined orientation error tolerance will be discussed in
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Figure 5. Smoothing of the redundant angle γ.

the subsequent paragraphs, and the situation under
synchronisation will be explored in the subsequent
subsection. Because of the symmetric quintic B-spline, the
maximum smoothing deviation also occurs at the midpoint
of the spline, and the maximum orientation error could be
evaluated as follows:

‖O1 − ro (0.5)‖ ≤ εo. (15)

Then, the values of loa and lob are constrained by the
user-defined error tolerance (εo) as follows:

loe ≤
2εo

3 cos
(
β
2

) , (16)

where β is the angle between
−−−→
O0O1 and

−−−→
O1O2.

Given that the synchronisation strategy proposed in
Section 3 requires a remaining linear segment between two
splines of two adjacent corners, the maximum allowable

lengths of the segments
∥∥∥−−−→B0O1

∥∥∥ and
∥∥∥−−−→O1B6

∥∥∥ are calculated

as follows: 
∥∥∥−−−→B0O1

∥∥∥ ≤ ∥∥∥−−−→O0O1

∥∥∥
4∥∥∥−−−→O1B6

∥∥∥ ≤ ∥∥∥−−−→O1O2

∥∥∥
4 .

(17)

Combining the conditions expressed in (16) and (17),
loa and lob are constrained as follows:

≤ min

(∥∥∥−−−→O0O1

∥∥∥
20 , 2εo

3 cos( β2 )

)
lob ≤ min

(∥∥∥−−−→O1O2

∥∥∥
20 , 2εo

3 cos( β2 )

)
.

(18)

The values of loa and lob would be finally determined by
the synchronisation process in the subsequent subsection.

2.3 Redundant Angle γ Smoothing Algorithm

The redundant angle γ is a scalar value. Although each
γ has no corner, discrete angle γ still needs to be fitted
with splines to achieve a smooth trajectory. Because the
arc length of the redundant angle smoothing spline is
not required when interpolating, the symmetric quintic
B-spline with seven control points is also adopted to
replace the transition part of the redundant angle. As
shown in Fig. 5, γ0, γ1, γ2 are arbitrarily three consecutive
redundant angles presented as three points on a straight
line. A C3 B-spline is adopted to replace the transition
part at the redundant angle γ1.

The representation of the symmetric quintic B-spline
for the redundant angle is the same as that of rO (u),
expressed as follows:

rγ (u) =

6∑
i=0

Ni,6 (u)Ci, u ∈ [0, 1] (19)

where u is the parameter of the spline, Ni,6(u) is the basic
function, and Ci is the control point. The basic function
Ni,6(u) is defined the same as the basic function of ro(u).
In addition, the positions of the control points are also the
same as those of ro(u), expressed as follows:C0 − C1 = (C1 − C2) /2, C1 − C2 = C2 − C3

C6 − C5 = (C5 − C4) /2, C5 − C4 = C4 − C3.
(20)

If the fourth control point C3 is chosen at the corner
position γ1, then the other control points are obtained as
follows: 

C0 = γ1 − 5lγasign(γ1 − γ0)

C1 = γ1 − 4lγasign(γ1 − γ0)

C2 = γ1 − 2lγasign(γ1 − γ0)

C3 = γ1

C4 = γ1 + 2lγbsign(γ2 − γ1)

C5 = γ1 + 4lγbsign(γ2 − γ1)

C6 = γ1 + 5lγbsign (γ2 − γ1) .

, with

 sign(γi − γi−1) = 1, if γi > γi−1

sign(γi − γi−1) = −1, if γi < γi−1
. (21)

Because the redundant angle γ is a scalar value and has
no impact on the tool path, a smoothing deviation is not
required to constrain the lengths lγa and lγb.To synchronise
with the tooltip position, the maximum allowable lengths

of the segments
∥∥∥−−−→C0γ1

∥∥∥ and
∥∥∥−−−→γ1C6

∥∥∥ are calculated as

follows: 
∥∥∥−−−→C0γ1

∥∥∥ ≤ ‖−−→γ0γ1‖4∥∥∥−−−→γ1C6

∥∥∥ ≤ ‖−−→γ1γ2‖4 .
(22)

Thus, the lengths lγa and lγb are limited to:

lγa ≤
‖−−→γ0γ1‖

20
and lγb ≤

‖−−→γ1γ2‖
20

. (23)

In summary, the symmetric quintic B-spline rγ (u)
could be obtained if the values of lγa and lγb are known.
However, the values of lγa and lγb are evaluated based on
the synchronisation condition, which will be explored in
the subsequent section.

3. Transitive Synchronisation Algorithm

To achieve jerk continuous axis motion, the first-order,
second-order, and third-order derivatives of the tool
orientation vectors with respect to the tooltip displacement
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Figure 6. Proposed synchronisation strategy by C3 continuous connection for (a) the tool tip position, (b) the tool orientation,
and (c) the redundant angle.

should be continuous at the junctions. As shown in Fig. 6,−−−−−−−→
A11,i̇A0,i̇+1,

−−−−−−−→
B7,i̇B0,i̇+1, and

−−−−−−−→
C7,i̇C0,i̇+1 are the remaining

linear segments after smoothing, which are between two
adjacent smooth splines.

If synchronisation is ensured by adjusting the corner
smoothing spline, then two problems will arise. The corner
smoothing error becomes smaller under error tolerance,
which results in a greater curvature at the corners, leading
to a reduction in the machining feed at the corners. In
addition, adjusting the corner smoothing spline affects
the length of the remaining linear segment, leading to
difficulties in global synchronisation.

For these reasons, this study first synchronises
the three splines at the corner with the midpoint
Pm,i, Om,i, γm,i of each straight-line segment of the
original path as the boundary and then constructs a C3

B-spline replacing all of the remaining linear segments
of the smoothed tooltip position, tool orientation, and
redundant angle. The linear C3 B-spline connects two
adjacent microsplines as if they are joined hand in hand.
We assumed that the linear spline of the tooltip position,
tool orientation, and redundant angle are expressed as
rpl(u), rol(u), and rγl(u), respectively, as shown in Fig. 6.
Even though the B-spline has no analytical solution of the

arc-length, we calculate the length of the linear B-spline by
calculating the length between two endpoints of the linear
segment.

Corner synchronisation is conducted within the corner
range, with the midpoint Pm,i, Om,i, γm,i of each straight-
line segment of the original path as the boundary, as
shown in Fig. 6. To ensure that the varying rates of the
tool orientation and redundant angle γ with respect to
the tooltip displacement are both C3 continuous at the
junctions, the first-order, second-order, and third-order
derivatives of the tool orientation vectors and redundant
angle γ with respect to the tooltip displacement should
be continuous at the junctions. Taking the three corners
∠Pm,i−1PiPm,i, ∠Om,i−1OiOm,i, and ∠γm,i−1γiγm,i as an
example, the corresponding corner splines are denoted as
rp,i, ro,i, and rγ,i, respectively. The corner synchronisation
condition could be expressed as follows:

dro,i
ds |u=0 =

−−−−−−−−→
Om,i̇−1B0,i̇∥∥∥−−−−−−−−→Pm,i̇−1A0,i̇

∥∥∥ , dro,ids |u=1 =
−−−−−−→
B6,i̇Om,i̇∥∥∥−−−−−−−→A11,i̇Pm,i̇

∥∥∥
d2ro,i
ds2 |u=0,1 = 0,

d3ro,i
ds3 |u=0,1 = 0

drγ,i
ds |u=0 =

−−−−−−−−→
γm,i̇−1C0,i̇∥∥∥−−−−−−−−→Pm,i̇−1A0,i̇

∥∥∥ , drγ,ids |u=1 =
−−−−−−→
C6,i̇γm,i̇∥∥∥−−−−−−−→A11,i̇Pm,i̇

∥∥∥
d2rγ,i
ds2 |u=0,1 = 0,

d3rγ,i
ds3 |u=0,1 = 0.

(24)
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Given the following relation:

dro,i
ds |u=0 =

dro,i
du

du
ds |u=0 =

10loa,i
11lpe,i

dro,i
ds |u=1 =

dro,i
du

du
ds |u=1 =

10lob,i
11lpe,i

drγ,i
ds |u=0 =

drγ,i
du

du
ds |u=0 =

10lγa,i
11lpe,i

drγ,i
ds |u=1 =

drγ,i
du

du
ds |u=1 =

10lγb,i
11lpe,i

(25)

the corner synchronisation condition expressed in (24)
could be rewritten as follows:

10loa,i
11lpe,i

=

∥∥∥−−−−−−−−→Om,i̇−1B0,i̇

∥∥∥∥∥∥−−−−−−−−→Pm,i̇−1A0,i̇

∥∥∥ , 10lob,i
11lpe,i

=

∥∥∥−−−−−−→B6,i̇Om,i̇

∥∥∥∥∥∥−−−−−−−→A11,i̇Pm,i̇

∥∥∥
10lγa,i
11lpe,i

=

∥∥∥−−−−−−−−→γm,i̇−1C0,i̇

∥∥∥∥∥∥−−−−−−−−→Pm,i̇−1A0,i̇

∥∥∥ , 10lγb,i
11lpe,i

=

∥∥∥−−−−−−→C6,i̇λm,i̇

∥∥∥∥∥∥−−−−−−−→A11,i̇Pm,i̇

∥∥∥
. (26)

Based on (26), the equivalent corner synchronisation
condition could be derived as follows:

10loa,i
11lpe,i

=

∥∥∥−−−−−−−−→Om,i̇−1B0,i̇

∥∥∥∥∥∥−−−−−−−−→Pm,i̇−1A0,i̇

∥∥∥ , 10lob,i
11lpe,i

=

∥∥∥−−−−−−→B6,i̇Om,i̇

∥∥∥∥∥∥−−−−−−−→A11,i̇Pm,i̇

∥∥∥
lγa,i
loa,i

=

∥∥∥−−−−−−−−→γm,i̇−1C0,i̇

∥∥∥∥∥∥−−−−−−−−→Om,i̇−1B0,i̇

∥∥∥ , lγb,i
lob,i

=

∥∥∥−−−−−−→C6,i̇γm,i̇

∥∥∥∥∥∥−−−−−−→B6,i̇Om,i̇

∥∥∥
. (27)

According to (27), the proposed synchronisation
method is derived as transitive as the smoothed tool
orientation should be synchronised with the tooltip
position, and the redundant angle should be synchronised
with the new tool orientation.

3.1 Synchronisation of the Tool Orientation with
Respect to the Tooltip Displacement

From the equivalent corner synchronisation condition
expressed in (27), the corner synchronisation of the
tool orientation with respect to the tooltip position
displacement is expressed as follows:


10loa,i
11lpe,i

=

∥∥∥−−−−−−−−→Om,i̇−1B0,i̇

∥∥∥∥∥∥−−−−−−−−→Pm,i̇−1A0,i̇

∥∥∥ =

∥∥∥−−−−−−−→Om,i̇−1Oi̇

∥∥∥−∥∥∥−−−−→B0,i̇Oi̇

∥∥∥∥∥∥−−−−−−→Pm,i̇−1Pi̇

∥∥∥−∥∥∥−−−−→A0,i̇Pi̇

∥∥∥
10lob,i
11lpe,i

=

∥∥∥−−−−−−→B6,i̇Om,i̇

∥∥∥∥∥∥−−−−−−−→A11,i̇Pm,i̇

∥∥∥ =

∥∥∥−−−−−→Oi̇Om,i̇

∥∥∥−∥∥∥−−−−→Oi̇B6,i̇

∥∥∥∥∥∥−−−−→Pi̇Pm,i̇

∥∥∥−∥∥∥−−−−−→Pi̇A11,i̇

∥∥∥
. (28)

Referring to the positions of the control points
discussed in Section 2, the values of loa,i and lob,i could be
determined as follows:

loa,i =
1.1lpe,i

∥∥∥−−−−−−−→Om,i̇−1Oi̇

∥∥∥∥∥∥−−−−−−→Pm,i̇−1Pi̇

∥∥∥+ 25
21

(
1− 1

21 cos(αi/2)

)
lpe,i

lob,i =
1.1lpe,i

∥∥∥−−−−−−−→Oi̇Om,i̇+1

∥∥∥∥∥∥−−−−−−→Pi̇Pm,i̇+1

∥∥∥+ 25
21

(
1− 1

21 cos(αi/2)

)
lpe,i

. (29)

In addition, the values of loa,i and lob,i should be
smaller than that of loe,i to guarantee the smoothing
deviation under the error tolerance constraint εo for
the tool orientation path. Thus, lpe,i should be further

constrained as follows:

lpe,i = min

21
∥∥∥−−−−−−→Pm,i̇−1Pi̇

∥∥∥
181 + 50

cos(αi2 )

,
21
∥∥∥−−−−→Pi̇Pm,i̇

∥∥∥
181 + 50

cos(αi2 )

,

εp(
355
672 + 25

21 cos(αi2 )

)
sin
(
αi
2

) ,
loe

∥∥∥−−−−−−→Pm,i̇−1Pi̇

∥∥∥
11
10

∥∥∥−−−−−−−→Om,i̇−1O,i̇

∥∥∥− 25
21

(
1− 1

21 cos(αi/2)

)
loe,i

,

loe

∥∥∥−−−−→Pi̇Pm,i̇

∥∥∥
11
10

∥∥∥−−−−→Oi̇Om,i̇

∥∥∥− 25
21

(
1− 1

21 cos(αi/2)

)
loe,i

 .(30)

Thus, the appropriate value of lpe,i is determined
according to (30) and the corresponding values of loa,i
and lob,i are determined according to (29). The determined
values of lpe,i, loa,i, and lob,i would guarantee that the tool
orientation is synchronised with the tooltip displacement
under the error tolerance constraints εp and εo in the
corner.

3.2 Synchronisation of the Redundant Angle γ
with Respect to the New Tool Orientation

The redundant angle γ and new tool orientation within
corner ranges are synchronised with the midpoint of each
straight-line segment of the original path as the boundary,
as shown in Fig. 6. Combined with (27), the corner
synchronisation condition of the redundant angle γ with
respect to the new tool orientation is expressed as follows:

lγa,i̇
loa,i̇

=

∥∥∥−−−−−−−−→γm,i̇−1C0,i̇

∥∥∥∥∥∥−−−−−−−−→Om,i̇−1B0,i̇

∥∥∥ =
‖−−−−−−→γm,i̇−1γi̇‖−

∥∥∥−−−−→C0,i̇γi̇

∥∥∥∥∥∥−−−−−−−→Om,i̇−1Oi̇

∥∥∥−∥∥∥−−−−→B0,i̇Oi̇

∥∥∥
lγb,i̇
lob,i̇

=

∥∥∥−−−−−−→C6,i̇γm,i̇

∥∥∥∥∥∥−−−−−−→B6,i̇Om,i̇

∥∥∥ =
‖−−−−→γi̇γm,i̇‖−

∥∥∥−−−−→γi̇C6,i̇

∥∥∥∥∥∥−−−−−→Oi̇Om,i̇

∥∥∥−∥∥∥−−−−→Oi̇B6,i̇

∥∥∥
. (31)

In addition,
∥∥∥−−−→C0,i̇γi̇

∥∥∥ = 5lγa,i̇,
∥∥∥−−−→γi̇C6,i̇

∥∥∥ = 5lγb,i̇,∥∥∥−−−−→B0,i̇Oi̇

∥∥∥ = 5loa,i̇,
∥∥∥−−−−→Oi̇B6,i̇

∥∥∥ = 5lob,i̇ combined with the

determined values of loa,i̇ and lob,i̇ based on (29), the values
of lγa,i̇ and lγb,i̇ are obtained as follows:

lγa,i̇ =

∥∥∥−−−−−→γm,i̇−1γi̇

∥∥∥ loa,i̇∥∥∥−−−−−−→Om,i̇−1Oi̇

∥∥∥ , lγb,i̇ =

∥∥∥−−−→γi̇γm,i̇

∥∥∥ lob,i̇∥∥∥−−−−→Oi̇Om,i̇

∥∥∥ . (32)

3.3 C3 Continuous Connection between Two
Adjacent Inserted Microsplines

Corner synchronisation can only ensure continuous
synchronisation at the intersection point between the
inserted spline and the remaining linear segment within a
single corner. The remaining linear segment connects two
corner splines and is affected by the length of the two
adjacent splines. Given that the three corner splines are
synchronised in the corresponding corner, a C3 continuous
linear spline needs to be adopted to replace the remaining
linear segment. The C3 continuous linear spline connects
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two adjacent corner splines to obtain global continuity. The
first-order, second-order, and third-order derivatives at the
conjunction should be equal to the corner synchronisation
condition expressed in (27).

The control point of the symmetric quintic B-spline can
be adjusted easily, and the length of the linear spline can
be calculated based on the distance between two points.
Thus, this study adopted the same symmetric quintic B-
spline as ro(u) to replace the remaining linear segment of
the corner smoothed tooltip position, tool orientation, and
redundant angle as follows:

rpl (ξ) =
∑6
i=0Ni,6 (ξ)Di

rol (ξ) =
∑6
i=0Ni,6 (ξ)Ei

rγl (ξ) =
∑6
i=0Ni,6 (ξ)Fi,

, ξ ∈ [0, 1] (33)

where ξ is the parameter of the spline, Ni,6(ξ) is the basic
function, and Di, Ei, and Fi are the control points. The
basic function Ni,6(ξ) is defined the same as the basic
function of ro(ξ). In addition, the relative position of the
control points is also the same as that of ro(ξ), expressed
as follows:D0 −D1 = (D1 −D2) /2, D1 −D2 = D2 −D3

D6 −D5 = (D5 −D4) /2, D5 −D4 = D4 −D3

. (34)

The relative positions of control points Ei and Fi are
the same as that of control point Di, as shown in Fig. 6.
To connect the microsplines in the corners with the C3

continuous linear spline, the three linear splines should
guarantee the following condition:

drol
ds |ξ=0 =

∥∥∥−−−−−−→B6,i̇Om,i̇

∥∥∥∥∥∥−−−−−−−→A11,i̇Pm,i̇

∥∥∥ , drol
ds |ξ=1 =

∥∥∥−−−−−−−−→Om,i̇B0,i̇+1

∥∥∥∥∥∥−−−−−−−−→Pm,i̇A0,i̇+1

∥∥∥
drγl
ds |ξ=0 =

∥∥∥−−−−−−→C6,i̇γm,i̇

∥∥∥∥∥∥−−−−−−−→A11,i̇Pm,i̇

∥∥∥ , drγl
ds |ξ=1 =

∥∥∥−−−−−−−−→γm,i̇C0,i̇+1

∥∥∥∥∥∥−−−−−−−−→Pm,i̇A0,i̇+1

∥∥∥ .
(35)

Given that drol
ds |ξ=0 = loal

lpal
, drol

ds |ξ=1 = lobl

lpbl
,
drγl
ds |ξ=0 =

lγal
lγbl

, and
drγl
ds |ξ=1 =

lγbl

lpbl
, as shown in Fig. 6, the lengths

of lpal, lpbl, loal, lobl, lγal, and lγbl could be determined as
follows: 

lpal =

∥∥∥−−−−−−−→A11,i̇Pm,i̇

∥∥∥
5 , lpbl =

∥∥∥−−−−−−−−→Pm,i̇A0,i̇+1

∥∥∥
5

loal =

∥∥∥−−−−−−→B6,i̇Om,i̇

∥∥∥
5 , lobl =

∥∥∥−−−−−−−−→Om,i̇B0,i̇+1

∥∥∥
5

lγal =

∥∥∥−−−−−−→C6,i̇γm,i̇

∥∥∥
5 , lγbl =

∥∥∥−−−−−−−−→γm,i̇C0,i̇+1

∥∥∥
5 .

(36)

4. Simulations and Experiments

The proposed global C3 tool path smoothing algorithm
for robotic machining is verified by simulations and exper-
iments in this section. The simulations are implemented
with MATLAB 2020, which is installed in a laptop (Intel®
Core™ i7-8565U CPU @ 1.80 GHz 1.99 GHz, 64-bit
operating system). The experiments are conducted with an
HSRCo610 robot, as shown in Fig. 7.

Figure 7. Experimental setup.

Figure 8. Discrete cutter location commands of (a) tool
pose and (b) the redundant anlge.

4.1 Simulations

The testing tool path with sharp corners is shown in Fig. 8.
The input discrete cutter location commands include the
tooltip position P = [Px, Py, Pz]

T and tool orientation
O = [Oi, Oj , Ok]T in the WCS, as shown in Fig. 8 (a).
The reference command of the redundant angle is shown in
Fig. 8(b). The reference tool path consists of six discrete
tool poses and is a closed tool path. The machining process
from the starting point to the ending point would pass
through four corners.

The error tolerance constraints of the tooltip position
and tool orientation are set as εp = 0.05 mm and εo =
0.2 mrad, respectively. Because the redundant angle is a
one-dimensional vector, there is no smoothing error for it.
The tool path smoothing effect is presented in Fig. 9.

The real maximum deviation of each tooltip position
corner and tool orientation corner is shown in Fig. 10.
Tooltip position smoothing and tool orientation smoothing
can constrain the deviation error within the error tolerance.
In addition, the deviations are not undersized because of
synchronisation.

To demonstrate that the proposed method can ensure
the third-order synchronisation of the redundant angle
and tool orientation with the tooltip position, this study
simulates the synchronisation situation of the starting and
ending points of the smoothed corner. The synchronisation
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Figure 9. Corner smoothing results of (a) the tooltip position and (b) the tool orientation (εp = 0.05 mm and εo = 0.2 mrad).

Figure 10. Maximum deviation of the smoothed tool path.

error between the linear spline segment and the corner
microspline is shown in Fig. 11. Notably, the first-, second-
, and third-order synchronisation errors are all near
zero, indicating that the proposed smoothing method can
guarantee third-order synchronisation of the redundant
angle and tool orientation with respect to the tooltip
position.

Given the third-order synchronisation of the redundant
angle and tool orientation with the tooltip position, the jerk
continuous trajectory of all axes could be obtained after
interpolation and inverse kinematic transformation. The
existing study of 6R robotic tool path corner smoothing
methods struggled with the synchronisation of the tool
orientation with the tooltip position under the smoothing
error tolerance. The redundant angle is considered a
fixed value. However, the adjustment of redundant angles
can improve robot stiffness. To achieve high machining
accuracy, the redundant angle should be utilised, but its

Figure 11. The synchronisation error.

value should not be fixed. In this situation, the existing
relative study did not consider the redundant angle, which
would cause non-smooth motion commands even through
tooltip position and tool orientation smoothing.

The smoothing strategy without considering the
redundant angle and the proposed method implemented
with varying redundant angles are compared. The
original discrete tool path shown in Fig. 8 is used for
comparison. Based on the stiffness optimisation method,
the corresponding redundant angle is generated. The error
tolerance constraints of the tooltip position and tool
orientation smoothing are set as εp = 0.5 mm and εo
= 0.02 mrad, respectively. The tangential feedrate (F ),
maximum acceleration (Amax), and jerk (Jmax) are set as
25 mm/ s, 500 mm/ s2, and 2,000 mm/s3, respectively. The
period of interpolation is set as 4 ms. The jerks of all six
axes are shown in Fig. 12. The discontinuous redundant
angle could cause a sudden change in the jerk of all axes.
The jerks of all axes are continuous along the entire path
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Figure 12. Comparison of jerk continuous joint commands.

Table 1
Comparision of the Tracking Error RMSE of the Two Methods

Method The RMSE of the Tracking Error (rad)

Joint1 Joint2 Joint3 Joint4 Joint5 Joint6

Linear interpolation of the redundant anlge 0.0149 0.025 0.0179 0.0215 0.0142 0.3041

The proposed method 0.0115 0.0136 0.0117 0.0194 0.0130 0.1607

Reduction (%) 22.8% 45.6% 34.6% 9.7% 8.4% 47.2%

by the proposed tool path smoothing method, and the
proposed method has been verified to guarantee global C3

continuity.

4.2 Experiments

The proposed 6R robot tool path smoothing method is
evaluated with the experimental setup shown in Fig. 7.
The model of the robot is HSRCo610 with an interpolation
period of 4 ms. The error tolerance constraints of the
tooltip position and tool orientation smoothing are set
as εp = 0.5 mm and εo = 0.02 mrad, respectively. The
tangential feedrate (F ), maximum acceleration (Amax),
and jerk (Jmax) are set as 25 mm/s, 500 mm/s2, and
2,000 mm/s3, respectively. In the experiments, the joint
commands generated by the smoothing strategy without
considering the redundant angle and the proposed method

are executed with the HSRCo610 robot. The tracking errors
of each axis are compared in Fig. 13. Notably, the tracking
errors of the joint positions are nearly reduced by the
proposed method. The the root mean square error (RMSE)
of the tracking errors of the corresponding joint commands
are evaluated and compared in Table 1. The tracking
error RMSE of joints are all reduced by the proposed
method, which has better performance. The decrease in
the tracking errors of the corresponding joint commands is
evaluated and presented in Fig. 14. The large decrease in
tracking errors occurred at the corners, and the maximum
decrease in tracking errors could reach 100%. The results
showed that the proposed smoothing method of the tooltip
position, tool orientation, and redundant angle of the 6R
robotic machining with synchronisation could significantly
reduce the tracking error of each axis, which can improve
the robotic machining performance.
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Figure 13. Tracking error of each axis with the two methods.

Figure 14. Decrease in the tracking error of each joint position.
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5. Conclusion

This study proposes a high-performance C3 continuous
tool path smoothing method for a 6R robot manipulator.
The proposed method comprehensively considered shape-
preserving, redundant angle, and accurate real-time inter-
polations, which could improve the accuracy and efficiency
of robotic machining. To guarantee shape-preserving
interpolation after smoothing, the tooltip position and
tool orientation are smoothed by the microspline in the
WCS under error tolerance. This study fully utilised the
advantages of the PH spline and B-spline. The microspline
replacing the tooltip position corner adopted the C3

continuous PH spline, which has an analytical arc length
and can realise real-time smoothing and interpolation.
The tool orientation and redundant angle used the C3

continuous B-spline, which has a simpler expression than
the C3 continuous PH spline and can further improve
the interpolation efficiency. Both the tool orientation and
redundant angle are synchronised with the tooltip position
by the proposed transitive synchronisation strategy, which
is analytical and needs no iteration. Finally, the proposed
method obtained jerk continuous joint commands when the
redundant angle varies. Compared with the existing corner
smoothing algorithm without considering the redundant
angle in the simulations, the proposed method realised jerk
continuous joint commands and significantly reduced the
tracking error.

Because of the use of commercial robots in this
experiment, the shortest interpolation cycle is 4 ms. The
method proposed in this study can achieve real-time
smoothing and interpolation of 0.5 ms. Thus, the method
proposed in this study is of great significance for improving
the design and manufacture of robots and the machining
accuracy of robots.
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