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DUBINS-RRT PATH PLANNING

AND HEADING-VECTOR CONTROL

GUIDANCE FOR A UUV RECOVERY

Zheping Yan,∗ Bing Hao,∗,∗∗ Wei Zhang,∗ and Simon X. Yang∗∗∗

Abstract

When a UUV (unmanned underwater vehicle) completes a specific

mission, it needs to return to the recovery platform autonomously

safely in an unknown environment. So the works of path planning

and guidance control for a UUV are indispensable and significant.

In this paper, first a smooth and practical Dubins path back to

the recovery platform is planned. In particular, the combined

Dubins-RRT path (rapidly exploring random tree based on Dubins

path) is introduced with densely spread obstacles. Then the UUV is

guided along the Dubins-RRT path to the target by heading-vector

control. The algorithm is simple and subjects to the kinematics

constraints of UUV. The effectiveness of the algorithm is proved by

the simulation in real geographical condition.
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1. Introduction

More and more unmanned underwater vehicles (UUVs)
are applied to specific ocean tasks. In general, it takes
hours or tens of hours for a UUV to perform a task in
the ocean, longer in some other detection tasks even more.
Although the UUV can emerge to the water surface to
transmit data by radio, the emerging process significantly
consumes the task time especially in the deep sea. The
solution to this problem is that UUV autonomously return
to a platform where it could exchange data and get charged
and maintenance. Thus the problem of UUV endurance
and information exchange can be solved.

In recent years many recovery methods and guidance
strategies have been developed based on UUV platform and
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experiments are also carried out to validate the strategies.
Paper [1] designed a sliding mode controller to regulate
and track a premeditated path to complete the process of
homing and docking. The design of an electromagnetic
guidance system is given in [2]. This system is particularly
suitable for a wide class of underwater robots. In [3],
a current observer based on kinematics constraints is de-
signed to compensate drift caused by ocean currents. The
contribution of paper [4] is to give a mathematical method
of calculus of variations of a recovery path for a submerged
mobile. The bio-inspired control method and the cascaded
controller consisting of a kinematics controller and a dy-
namic controller are proposed in [5]. To complete the re-
configuration of an appropriate control law, control energy
cost function is used in [6] as the optimization criterion.
And the particle swarm optimization algorithm is utilized
to solve the control reallocation problem. Nonetheless most
of the experiments show that these recovery methods are
time-consuming, thus reduce the entire vehicle operation
time, as well as work efficiency. To adapt more different
tasks, we should improve the reliability and efficiency of
the existing methods.

In general, when a UUV is about to enter the docking
stage, it should keep the same heading with the recovery
platform. To solve this problem, this paper proposes a
planning method of rapidly exploring random tree based on
Dubins path (Dubins-RRT) [7]–[10]. The Dubins algorithm
was first proposed by L.E. Dubins in 1957 [11]. Dubins
path algorithm tries to find the shortest path between two
vectors, and this path is composed of several straight line
segments and arc segments. In this paper, Dubins path is
formed with the position and heading of the UUV as the
starting vector and the position and heading of recovery
platform as the finishing vector. Then the UUV sails along
the planned Dubins path and arrives at the finishing point
in a fixed direction.

When the path has been planned, the UUV needs
to track the path by controlling the actuators. Tracking
control can be divided into two types: one is the path
following control, which designs a path that is not related
to time; the other is the trajectory tracking control, with
the reference trajectory being time-varying. The former
is static geometric position tracking and the latter is the
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dynamic trajectory tracking. The recovery path studied in
this paper is not changed with time, which belongs to the
first type.

Some non-linear control technologies, including non-
linear intelligent technologies, such as the backstepping
method [12], [13], fuzzy control [14], neural networks [15],
[16], sliding mode control [17] and model predictive control
[18], have been widely applied to the following control
of UUV. However, these non-linear control methods are
applied, and additional parameters and iterations are also
required during the calculation. So these technologies are
difficult to put practice into the low-cost navigation control
systems.

This paper focuses on the low-cost UUV navigation
control system by heading-vector based sliding mode con-
troller [19], [20]. A heading-vector field is constructed to
indicate the expected headings of the UUV at every po-
sition. And by following the expected headings the UUV
is gradually guided to the desired path. The remainder
of the paper is organized as follows. In Section 2, the
conditions and background of the presented problem are
explained. The generation method of Dubins-RRT path in
an obstacle-rich environment is presented in Section 3. In
Section 4, the recovery path guidance in the heading-vector
field is given. Simulation results are shown in Section 5.

2. Problem Statement

When the task is finished, UUV turns to the autonomous
recovery stage and arrives at the rendezvous point after
a period of navigation. First UUV detects the position
and heading of the platform by sonar, and then the path
planner plans the recovery path based on the current
position and heading of UUV as a starting vector and the
position and heading of the platform as the finishing vector
(assuming the starting vector and the end vector being in
the same plane). In many cases the UUV is in an unknown
environment full of static or dynamic obstacles, in addition
to the global planning before navigation. It must offer the
corresponding obstacle-avoidance algorithm to meet the
demands of the kinematics constraints.

As shown in Fig. 1, no =(xo, yo, αo) and nd =(xd, yd,
αd) represent the coordinates and azimuth angle of the
starting vector and the finishing vector, respectively, then

Figure 1. Four forms of Dubins path.

the Dubins curve has four possible forms, namely LSL,
RSR, RSL, LSR. The shortest of length is the required
path. For the detailed planning algorithm, refer to [21].

3. The Generation Method of Dubins-RRT Curve
in an Obstacle-rich Environment

If a UUV is in an obstacle-rich environment, some simple
avoidance method can also be applied, but the regener-
ated sub-path may intersect with the obstacle repeatedly
and another sub-path is required. Computer calculation
time and data storage may increase significantly when
multiple iterations are performed. This paper presents
a Dubins path planner based on searching map of RRT
in the obstacle-rich environments, which can reduce the
computing time and the amount of data [22].

3.1 Generating the Intermediate Waypoints with
the Guiding Sampling Method

Combined with Dubins curve, RRT algorithm is used to
generate the waypoints in the recovery area. The sam-
pling nodes are selected by means of the guiding sampling
method, and the new sampling points and the sub-nodes
in the original tree are connected by the dynamic Dubins
curve. The radius of curvature of the dynamic Dubins
curve is generated randomly to meet the constraint. With
the growth of the tree structure, a set of Dubins curve
form, the shortest of which will be selected.

The process of the Dubins curve based RRT algorithm
[20] is given as follows:
1. Initialization.
2. If not reaching the target position, turn to step (3),

otherwise, if the random tree having been constructed,
then turn to step (7).

3. Set tmax to be the maximum running time. If t> tmax

turn to step (5), otherwise turn to step (4).
4. Generate a random node Nrand in the search space

and calculate the corresponding candidate node Nnew.
5. Set Nrand to be the finishing point and determine an

Nnear according to it, then get an Nnew.
6. Determine whether potential threats exist between

Nnew and Nnear. If no threats, the two nodes will be
connected by the Dubins arc, and this Nnew is added
into the random tree, then go to step (2). If threats
are existing, turn to step (3).

7. Look up reversely in the feasible paths of the con-
structed random tree to form the final path.
To control the size of the random tree (i.e., not too

deep and not too wide), this paper developed the guiding
random sampling method to generate the Nrand node,
namely to design the related parameters to control the
generation of the sampling point.

First of all, control RRT depth (the path length from
the current node to the root node). The depth value of each
node should be considered in search of the “nearest” node
to the sampling node, which stimulates a shorter path to
the root node and limits some sampling points’ generating
in the process. In this way, some fixed node to the longer
path is removed and the final path is optimized.
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The distance from the current node to the sampling
node is calculated by:

D = Dstaight(N,Nrand) +D1 ∗Δo(N,Nrand)

+D2 ∗ rand(0, 1) ∗ depthtree(N) (1)

where N represents the current node in the growing tree;
Nrand the sampling node; o the direction of the node.
The construction of the tree is subjected to the straight
distance from the current node to the sampling node, the
direction gap between the two nodes, and the depth value
from current node to the root node has to the root node.
Various environments determine the design of parameters
D1 and D2, whose values reflect the influence on the tree
growth.

There are four possible connections between two vec-
tors in traditional Dubins path. LSL, RSR, RSL, LSR.
In this paper, LSL, RSR will be simplified as the co-
orientation Dubins path while RSL, LSR as the anti-
orientation Dubins path.

For the co-orientation Dubins path case, the composi-
tion of the path is shown in Fig. 2.

Figure 2. The composition of the co-orientation Dubins
path.

The centre point coordinates of the node N is
defined as:

(Cx, Cy) = (xN ±R cos αN , yN ±R sin αN ) (2)

The centre point coordinates of the new generation
node Nnew is defined as:

(C ′
x, C

′
y)=(xNnew

±R cosαNnew
, yNnew

±R sinαNnew
) (3)

ϕ is the angle between the straight path and the
longitudinal axis, which can be calculated by:

ϕ =
π

2
− arc tan

(
C ′

y − Cy

C ′
x − Cx

)
(4)

Dstraight is the path length of the line segment, which
can be calculated by:

Dstraight =
√

(C ′
x − Cx)2 + (C ′

y − Cy)2 (5)

For the anti-orientation Dubins path case, the compo-
sition of the path is shown in Fig. 3.

Figure 3. The composition of the anti-orientation Dubins
path.

The coordinates of the centre point is the same with
the co-orientation Dubins path. ϕ is the angle between
the straight path and the longitudinal axis. η is the angle
between the line connecting the two centre points and
the longitudinal axis. γ is the angle between the line
connecting the two centre points and the radius. These
angles can be calculated by:

ϕ = η − γ +
π

2
(6)

η =
π

2
− arc tan

(
C ′

y − Cy

C ′
x − Cx

)
(7)

γ = arc tan

(
2R

d

)
(8)

Secondly, to limit the width of the generated tree, the
product of the value of a random parameter multiplying
the depth value of the previous sampling is the width
constraint of the new node. By this guiding sampling
method, the new sampling node will be distributed within
a range of the tree.

Again, the turning angle for the new node is selected
in the scope of (−π

2 ,
π
2 ). However, the random node

sampling is hard to achieve with direction constraint. Even
if such nodes are found, the path generated may lead to
unnecessary turning, thus UUV may waste time and the
limited energy. To solve this problem, an auxiliary observer
is designed in this paper. When the new sampling node
is generated, no obstacles lie between the two nodes and
a Dubins path forms; this node is added to the tree as a
new node, otherwise it is abandoned and the next sampling
begins again. αNnew is denoted as the direction of the new
node. KL is the slope of the connection line between the
new node and the target point (Fig. 4).

αNnew
= arc tan KL −

(π
2
− αN

)
(9)

3.2 Dynamic Dubins Curve

Environment under the sea is mysterious and UUV cannot
navigate by large turning radius in small area. A UUV
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Figure 4. Expansion of Dubins-RRT with the guiding sam-
pling.

cannot navigate by large turning radius in a small area,
while in broad areas too small turning radius may cause
unnecessary rotary added into the tree, which affects the
effectiveness. This paper connects the adjacent nodes by
dynamic Dubins curves to adapt to different geographical
environment. First, a time parameter is set in the growth
process of the tree. If a reasonable path cannot be found
within this period of time, another turning radius will be
re-selected. The method of selecting the turning radius is
to increase the turning radius by a small constant in the
specified range until it meets the requirements.

4. Recovery Path Guidance by Heading-Vector
Control

In the above-mentioned work, the Dubins-RRT path from
the rendezvous point of UUV to the recovery platform place
is formed, and the following work is to guide UUV to the
path using the navigation algorithm. The guiding method
in this paper is implemented by heading-vector control. A
heading-vector field is constructed to indicate the expected
headings of the UUV at every position. Application of this
guiding method ensures an approximate-to-zero tracking
error in constant turbulence. The controller designed to
follow the path is treated as the inner loop control of the
whole control system of UUV, aiming at generating heading
control commands for the outer loop controller to produce
corresponding propeller and rudder angle commands.

Height and speed of UUV are assumed constant. The
simplified kinematics model of UUV is given by:

ẋ = VP sinχ+OCx
(10)

ẏ = VP cosχ+OCy

where VP represents the speed of UUV at p in the earth-
fixed coordinate. (OCx, OCy) represents two velocity com-
ponents of ocean current at the point p. χ is the heading
of UUV at the current point. If VG represents the speed of
UUV in the fixed coordinate, then the relationship between
VP , VG and OC can be shown in Fig. 5.

An alternative representation of (10) can be devel-
oped by:

VGx = VP sinχ+OCx

VGy = VP cosχ+OCy

(11)

Figure 5. Relationship between VP , VG and OC.

Drawing on (11) and the definition of course α shown
in Fig. 5, (12) can be expressed as:

ẋ = VG sinα

ẏ = VG cosα
(12)

In formula (12), the UUV heading and the speed rela-
tive to currents are replaced with the navigation direction
and the navigation speed in earth-fixed coordinate system.
Path following control in the vector field helps to avoid
the current disturbance. This is particularly important for
small UUVs.

The planned path is discrete and composed of several
sub-Dubins paths. Each sub-Dubins path is composed of
line segments and arc segments. So the navigation algo-
rithm design should also be discrete, dividing into straight
line guidance algorithm and arc guidance algorithm.

4.1 Following the Straight Line by Heading-Vector
Control

As shown in Fig. 6, the thick solid line is the target path for
UUV to follow, and is the centre line of the heading-vector
field. The direction of each vector in vector field represents
the desired course of the UUV at this point. The regulation
of the desired heading-vector changes as the angle between
the vector and the target line decreases, and the distance
from the vector to the target path decreases.

Figure 6. Following the straight line in the vector field.
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D is the lateral distance from the current location
of UUV to the target line. χ is the angle between the
current heading of UUV and the target line. The goal is
to construct a heading-vector field. When D is large, UUV
approaches to the target path on a fixed course and when
D is close to 0, UUV sails in the same direction with the
target line.

For discussion purpose, the direction of the target line
is assumed to be the Y axis direction, then the lateral
distance from the UUV to the target line is D=x.

χmax represents the course angle approaching target
line. The desired heading angle of the UUV is designed as:

χd(x) = −χmax · f(x) (13)

The explanation of choosing f(x) is as follows.

1. f(x) is strictly monotonically increasing odd function
within the range of x and f(0)= 0.

2. This function is a bounded function, and its range is
(−1, 1).

3. The derivative of f(x) is a monotonically decreasing
function in (0,+∞).

f(x)= 1−e−βx

1+e−βx is selected in this paper. β is a positive
definite parameter, which affects the changing speed of the
heading angle from χmax to zero. Set χmax ∈ (0, π

2 ), and
according to f(x) we have χd(x) ∈ (−π

2 ,
π
2 ).

The definition of the Lyapunov function

W1 =
1

2
x2

and its derivative

Ẇ1 = xẋ =xVG sinχ

When χ = χd(x),

Ẇ1 = xVG sinχd = −xVG sin

(
χmax × 1− e−βx

1 + e−βx

)

where x, sin(·) and 1− e−βx

1+ e−βx are all odd functions, then

Ẇ1 < 0. If χ=χd(x), then y→ 0.

Assume that UUV can achieve closed-loop control by
on-board controller, and the designed controller is the
kinematics controller of the outer loop and its equation can
be defined as:

χ̇ = K(χc − χ) + v (14)

where K, v are definite parameters. K represents the
response speed of the outer loop controller, v represents
unmodelled dynamics or external disturbance. K and v are
usually difficult to be precisely predicted in experiments
and the estimation error is inevitable. The adaptive sliding
mode control method is adopted in this paper to fulfil the
course control of UUV.

The sliding surface is chosen as:

S(χ) = eχ +KI

∫ t

0
eχ dτ (15)

where KI is the integral gain. Let eχ =χ−χd(x), the
differential of (15) can be calculated as:

Ṡ(χ) = ėχ +KIeχ = K(χc − χ) + v − χ̇d +KIeχ (16)

Select the Lyapunov function W2 =
1
2S

2, take the
derivative as:

Ẇ2 = SṠ = S(K(χc − χ) + v − χ̇d +KIeχ) (17)

Then, the control signal input is selected as:

χc = χ+
1

K̂
(−v̂+ χ̇d−KIeχ−K1S−K2 sign(S)) (18)

where χ̇d is the differential of χd, K̂ and v̂ are the estimated
values of the uncertain parameters K and v,K1 and K2

are the positive constants.

sign(x) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

1, if x > 0

0, if x = 0

−1, if x < 0

Δχ=χc −χ, (16) is substituted into (17) and let
K̃ =K − K̂, which can be developed by:

Ẇ2 = S(KΔχ+ v − χ̇d +KIeχ)

= S((K − K̂)Δχ+ K̂Δχ+ v − χ̇d +KIeχ)

= S(K̃Δχ+ K̂(χc − χ) + v − χ̇d +KIeχ)

(19)

Substitute (18) into (19), and let ṽ= v− v̂, which can
be developed by:

Ẇ2 = S(K̃Δχ+ K̂(χc − χ) + v − χ̇d +KIeχ)

= S(K̃Δχ− v̂ + v −K1S −K2 sign(S))

= S(K̃Δχ+ ṽ −K1S −K2 sign(S))

(20)

To obtain the estimate values K̂ and v̂, Lyapunov
function W3 is defined as:

W3 =
1

2
S2 +

1

2
ρ−1
v ṽ2 +

1

2
ρ−1
K K̃2 (21)

ρv, ρK are the positive parameters, the differential of
(21) can be calculated as:

Ẇ3 =S(K̃Δχ+ ṽ−K1S−K2 sign(S))+ρ−1
v ṽ ˙̃v+ ρ−1

K K̃ ˙̃K

= −K1S
2 −K2|S|+ ṽ(S − ρ−1

v
˙̃v) + K̃(SΔχ− ρ−1

K
˙̃K)

(22)
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As K and v are constant values, then ˙̃K =
˙̂
K, ˙̃v= ˙̂v, are

substituted into (22). Equation (22) is updated as:

Ẇ3 = −K1S
2 −K2|S|+ ṽ(S− ρ−1

v
˙̂v)+ K̃(SΔχ− ρ−1

K
˙̂
K)

(23)

The adaptation law for K̂ and v̂ can be:

˙̂
K = ρKSΔχ (24)

˙̂v = ρvS (25)

So Ẇ3 = −K1S
2 −K2|S| ≤ 0 is obtained. The sliding

surface S can approach to zero in a finite time, eχ will
converge to zero too.

To eliminate chattering effect caused by a discontin-
uous sign function, the control signal input can be re-
placed by:

χc = χ+
1

K̂

(
−v̂ + χ̇d −KIeχ −K3sat

(
S

ε

))
(26)

where sat(x)=

⎧⎨
⎩

1, if |x| ≤ 1

sign(x), otherwise

In addition, a border region around the sliding surface
is defined as Sε = {|S| ≤ ε}.

As the sliding surface is a progressive convergence,
when |S| ≥ ε, S can reach into Sε within a finite time.
Therefore, region Sε is the only case considered for the
stability proof.

Theorem 1. The equations of the system are given
by (12) and (16), the controlled heading and the
desired heading of UUV can be given in (26) and
(13). If the maximum of the heading angle is in

the range of (0, π
2 ], and χmaxβ

μ min
(

x̄
ε ,

K3θ
εVG

)
> 1, where

μ≥ max

(
(1+ e−βx̄)2

e−βx̄ cos(χmax
1− e−βx̄

1+ e−βx̄ )
, 2χmaxβx̄

sin(χmax
1− e−βx̄

1+ e−βx̄ )

)
, x̄ is

arbitrary, then this system is global asymptotic stable.

Proof: Lyapunov function is defined as:

W =
1

2
x2 +

1

2
θS2

Differentiating, we obtain

Ẇ = xẋ+ θSṠ = xVG sinχ+ θS(ėχ +KIeχ)

= xVG sinχ+ θS(χ̇− χ̇d +KIeχ)

= xVG sinχ+ θS(K̂(χc −χ) + v̂ − χ̇d +KIeχ)

If
∣∣S
ε

∣∣≤ 1 in the border region Sε, the control signal is a
saturated function.

χc = χ+
1

K̂

(
−v̂ + χ̇d −KIeχ −K3

S

ε

)

So the differential of W is updated as:

Ẇ = xVG sin(χd(x) + eχ)− θ
K3

ε
S2

= −θ
K3

ε
S2 + xVG sin(χd(x))

+xVG(sin(χd(x) + eχ)− sin(χd(x))

≤ −θ
K3

ε
S2 + xVG sin(χd(x))

+ |x|VG|sin(χd(x) + eχ)− sin(χd(x)|

Let:

δ = |sin(χd(x) + eχ)− sin(χd(x)|
= |sin(χd(x)) cos eχ + cos(χd(x)) sin eχ − sin(χd(x)|
= |sin(χd(x))(cos eχ − 1) + cos(χd(x)) sin eχ|
≤ |cos eχ − 1|+ |sin eχ| ≤ 2|eχ| ≤ 2|S|

We get:

Ẇ ≤ −θ
K3

ε
S2 + xVG sin(χd(x)) + 2VG|x||S|

= −θ
K3

ε
S2 + 2VG|x||S| − xVG sin

(
χmax

1− e−βx

1 + e−βx

)

Let:

ξ(x) = x sin

(
χmax

1− e−βx

1 + e−βx

)

To find the conditions of Ẇ ≤ 0, even function ζ(x)
is constructed in the range (−∞,∞), which ensures
ξ(0)= ζ(0)= 0 and 0≤ ξ(x)≤ ζ(x). Consider the function:

ζ(x) =

⎧⎪⎪⎨
⎪⎪⎩

χmaxβ

μ
x2, if |x| ≤ x̄

χmaxβ

μ
x̄(2|x| − x̄), if |x| > x̄

, x̄ is arbitrary

As both ξ(x) and ζ(x) are even functions, x≥ 0 is the only
case considered in the following.
When 0≤x≤ x̄,

ξ′(x) = sin

(
χmax

1− e−βx

1 + e−βx

)

+xχmax cos

(
χmax

1− e−βx

1 + e−βx

)
2βe−βx

(1 + e−βx)2

≥ xχmax cos

(
χmax

1− e−βx̄

1 + e−βx̄

)
2βe−βx̄

(1 + e−βx̄)2

ζ ′(x) =
2xχmaxβ

μ

If ζ ′(x) ≤ ξ′(x) and ξ(0)= ζ(0)= 0, then ζ(x)≤ ξ(x)

2xχmaxβ

μ
≤ xχmax cos

(
χmax

1− e−βx̄

1 + e−βx̄

)
2βe−βx̄

(1 + e−βx̄)2
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And then, μ≥ (1+ e−βx̄)2

e−βx̄ cos

(
χmax

1− e−βx̄

1+ e−βx̄

)
When x> x̄,

ξ(x) = x sin

(
χmax

1− e−βx

1 + e−βx

)
≥ x sin

(
χmax

1− e−βx̄

1 + e−βx̄

)
,

ζ(x) =
χmaxβ

μ
x̄(2|x| − x̄) ≤ 2

χmaxβ

μ
x̄ · x

Let ζ(x)≤ ξ(x), that is:

2
χmaxβ

μ
x̄ · x ≤ x sin

(
χmax

1− e−βx̄

1 + e−βx̄

)

which is equivalent to:

μ ≥ 2χmaxβx̄

sin

(
χmax

1− e−βx̄

1 + e−βx̄

)

0≤x≤ x̄ and x> x̄ are integrated, if μ≥
max

(
(1+ e−βx̄)2

e−βx̄ cos(χmax
1− e−βx̄

1+ e−βx̄ )
, 2χmaxβx̄

sin(χmax
1− e−βx̄

1+ e−βx̄ )

)
, then ζ(x)≤

ξ(x), which implies that:

Ẇ ≤ −θ
K3

ε
S2 + 2VG|x||S| − VGζ(x)

Therefore, when 0≤x≤ x̄, we get:

Ẇ ≤ −K3θ

ε
S2 + 2VG|x||S| − VG

χmaxβ

μ
x2

= −VG

(
K3θ

εVG
S2 − 2|x||S|+ χmaxβ

μ
x2

)

= −VG(|S| |x|)

⎛
⎜⎝

K3θ

εVG
−1

−1
χmaxβ

μ

⎞
⎟⎠
⎛
⎝ |S|

|x|

⎞
⎠

If K3θ
εVG

(
χmaxβ

μ

)
> 1, then Ẇ < 0.

When x> x̄ and |S| ≤ ε, we get:

Ẇ ≤ −K3θ

ε
S2 + 2VG|x||S| − VG

χmaxβ

μ
x̄(2|x| − x̄)

≤ 2VG|x| · ε− 2VG
χmaxβ

μ
x̄ · |x|

= 2VG|x|
(
ε− χmaxβ

μ
x̄

)

If χmaxβx̄
με > 1 then Ẇ < 0.

In summary, Theorem 1 is achieved.

Figure 7. Following the arc segment in the vector field.

4.2 Following the Arc Segment by Heading-Vector
Control

Following the arc segment is similar to following the
straight line segments in the heading-vector field. The
geometric relationship of UUV and the target arc is shown
in Fig. 7. The planning path in this paper is Dubins curve
in which the directions of arcs can be clockwise or coun-
terclockwise. The counter clockwise target arc segment is
discussed here and the research methodology of the clock-
wise arc segment is similar to it, except that the signs are
different.

Assume that the radius of the target arc segment is r,
and the coordinates of the centre point (Ox, Oy) is known.
The distance from UUV to the arc centre point being long,
the desired navigation direction of UUV is the direction
connecting UUV and the centre point. d represents the
distance from UUV to this centre point. The desired
heading of UUV is calculated by:

χd = γ − π (27)

When d gradually reduces until it is equal to r, the
desired navigation direction of UUV is the tangential di-
rection of the point A. A is the point of intersection of the
target arc and the line connecting UUV with the centre
point. The desired heading of UUV is calculated by:

χd = γ − π/2 (28)

The desired course of UUV can be given by:

χd(Δd) = γ − π

2
− π

2

1− e−βΔd

1 + e−βΔd
(29)

Δd = d− r (30)
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In the case of the arc segment, it will bring great con-
venience to the problems being studied to convert the two-
dimensional coordinate into the polar coordinate. From
Fig. 7, the coordinates of UUV can be calculated by:

x = Ox + d sin γ

y = Oy + d cos γ
(31)

Substituted by (12) and its derivative is formed as:

ḋ = VG sin(χ− γ)

γ̇ =
VG

d
cos(χ− γ)

(32)

where VG and χ are velocity and heading angle of UUV rel-
ative to the earth-fixed coordinates, respectively. Dynamic
equation of heading is also given as (14).

The definition of the Lyapunov function:

W1 =
1

2
Δd2

and its derivative:

Ẇ1 = ΔdΔḋ = ΔdVG sin(χ− γ)

When χ = χd,

Ẇ1 = ΔdΔḋ

= ΔdVG sin(χ− γ)

= ΔdVG sin

(
γ − π

2
− π

2

1− e−βΔd

1 + e−βΔd
− γ

)

= −ΔdVG sin

(
π

2

1− e−βΔd

1 + e−βΔd

)

sin(·) is monotonically increasing in (−π/2, π/2),Δd is
monotonically increasing too, so Ẇ1 < 0. If χ=χd(Δd),
Δd→ 0 asymptotically.

The design of adaptive sliding mode controller is elab-
orated as follows.

The sliding surface is chosen as:

S(χ) = eχ +KI

∫ t

0
eχ dτ (33)

where KI is the integral gain. Let eχ =χ−χd(x), the
differential of the sliding surface equation can be calcu-
lated as:

Ṡ(χ) = ėχ +KIeχ = K(χc − χ) + v − χ̇d +KIeχ (34)

χc = χ+
1

K̂

(
−v̂ + χ̇d −KIeχ −K3sat

(
S

ε

))
(35)

The proof of the reachability of the sliding mode sur-
face and the producing process of the adaptive law is
similar to that in Section 4.1, so it is not repeated here.

Theorem 2. The equations of the system are given
by (32) and (34), and the controlled heading and
the desired heading of UUV can be given in (35)
and (29). If the maximum of the heading angle is

in the range of (0, π
2 ], and βπ

με

(
d̄, K3θ

2VG

)
> 1, where

μ ≥ max

(
π(1+e−βΔd)2

2e−βΔd cos
(

π
2

1−e−βΔd

1+e−βΔd

) , βπd̄

2 sin
(

π
2

1−e−βd̄

1+e−βd̄

)
)
, d̄ is ar-

bitrary then this system is global asymptotic stable.

Proof: Lyapunov function is defined as:

W =
1

2
Δd2 +

1

2
θS2

Differentiating, we obtain:

Ẇ = ΔdΔḋ+ θSṠ

= ΔdVG sin(χ− γ) + θS(ėχ +KIeχ)

= ΔdVG sin(χ− γ) + θS(χ̇− χ̇d +KIeχ)

= ΔdVG sin(χ− γ)+θS(K̂(χc−χ) + v̂− χ̇d+KIeχ)

If
∣∣S
ε

∣∣ ≤ 1 in the border region Sε, the control signal is a
saturated function.

χc = χ+
1

K̂

(
−v̂ + χ̇d −KIeχ −K3

S

ε

)

So the differential of W is updated as:

Ẇ = ΔdVG sin(χd(Δd) + eχ − γ)− θ
K3

ε
S2

Let χ̂d = χd(Δd)− γ, we get

Ẇ = −θ
K3

ε
S2 +ΔdVG sin(χ̂d(Δd))

+ ΔdVG(sin(χ̂d(Δd) + eχ)− sin(χ̂d(Δd))

≤ −θ
K3

ε
S2 + 2VG|S||Δd|+ΔdVG sin(χ̂d(Δd))

= −θ
K3

ε
S2 + 2VG|S||Δd| −ΔdVG sin

(
π

2

1− e−βΔd

1 + e−βΔd

)

Let ξ(Δd) = sin
(

π
2
1−e−βΔd

1+e−βΔd

)
To find the conditions of Ẇ ≤ 0, even function

ζ(Δd) is constructed in the range (−∞,∞), and en-
sures ξ(0)= ζ(0)= 0 and 0≤ ξ(Δd)≤ ζ(Δd). Consider the
function:

ζ(Δd) =

⎧⎪⎪⎨
⎪⎪⎩

πβ

2μ
Δd2, if |Δd| ≤ d̄

πβ

2μ
d̄(2|Δd| − d̄), if |Δd| > d̄

, d̄ is arbitrary.
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As both ξ(Δd) and ζ(Δd) are even functions, Δd≥ 0
is the only case considered in the following.

When 0≤Δd≤ d̄, ξ′(Δd)=Δd cos

(
π

2

1− e−βΔd

1+ e−βΔd

)
2βe−βΔd

(1+ e−βΔd)2
, ζ ′(Δd)=

βπ

μ
Δd

Let ζ ′(x)≤ ξ′(x), then
βπ

μ
Δd≤Δd cos

(π
2

1− e−βΔd

1+ e−βΔd

)
2βe−βΔd

(1+ e−βΔd)2
.

And then, if μ≥ π(1+ e−βΔd)2

2e−βΔd cos

(
π

2

1− e−βΔd

1+ e−βΔd

) , which

implies that

Ẇ ≤ −K3θ

ε
S2 + 2VG|Δd||S| − VG

βπ

2μ
Δd2

= −VG

(
K3θ

εVG
S2 − 2|Δd||S|+ βπ

2μ
Δd2

)

= −VG(|S||Δd|)

⎛
⎜⎜⎝

K3θ

εVG
−1

−1
βπ

2μ

⎞
⎟⎟⎠
⎛
⎝ |S|

|Δd|

⎞
⎠

If βπ
2μ

(
K3θ
εVG

)
> 1, then Ẇ < 0.

When Δd> d̄, ξ(Δd)=Δd sin
(π
2

1− e−βΔd

1+ e−βΔd

)
≥

Δd sin

(
π

2

1− e−βd̄

1+ e−βd̄

)
, ζ(Δd)≤ ξ(Δd)

ζ(Δd)=
βπ

2μ
d̄(2|Δd|−d̄)≤ βπ

2μ
d̄ ·Δd≤Δd sin

(
π

2

1− e−βd̄

1+ e−βd̄

)

which is equivalent to:

μ≥ βπd̄

2 sin

(
π

2

1− e−βd̄

1+ e−βd̄

)

We get:

Ẇ ≤ −K3θ

ε
S2 + 2VG|Δd||S| − VG

βπ

2μ
d̄(2|Δd| − d̄)

≤ 2VG|Δd| · ε− 2VG
βπ

μ
d̄ · |Δd|

= 2VG|Δd|
(
ε− βπ

μ
d̄

)

If βπd̄
με > 1, then Ẇ < 0.
Theorem 2 can be obtained by integrating the above

two cases 0≤Δd≤ d̄ and Δd> d̄.

4.3 Following the Combinatorial Path of Line Seg-
ments and Arc Segments

The planned path in this paper is the combination of line
segments and arc line paths, so it is required to explain

how to construct the heading-vector field around the mixed
path. To avoid dead zones and singular points generated
in the mixed vector field, the UUV constructs the heading-
vector field according to the path type (line or arc) it is
following. Before starting the next sub-path, the UUV
is not to completely switch the heading-vector field until
it arrives at the end of a present sub-path (line or arc
segment). When following the mixed path in the heading-
vector field, the time point for conversion of different vector
fields is to be specified. The methodology in this paper is
to define a dynamic threshold, which is determined by the
lengths of the paths and the current speed of the UUV.
When the distance from UUV to the end of the present
path is less than or equal to the threshold, the conversion
of the heading-vector field will start.

5. Simulation

The simulations are carried out digitally with complex
marine environment: 400m× 400m area in the digital
ocean map containing some collision areas made up of
multiple islands. In the process of recovery, UUV has to
detour among these islands. The vector of the rendezvous
point is (60, 60, π). The vector of the position of the
recovery platform is (175, 300, 3π/4). Assume that the
longitudinal velocity of UUV is 1m/s.

Case 1: The recovery path by means of Dubins-RRT
without guiding sampling

To find out the approximate optimal path, we set 4
cycles in the simulation, and select the shortest path of
all the cycles as the final result. Running the program,
the length of the planned path is calculated as 348.5965m
(Fig. 8).

Case 2: The recovery path by means of Dubins-RRT
with guiding sampling

Equation (1) is used to calculate the distance from the
current node to the sampling node. The parameters D1

and D2 of formula (1) are set as 0.1 and 0.3, respectively.
This choice of parameters is to make the direction gap
between the two nodes is less effect on the distance D, and
the depth value from current node to the root node has

Figure 8. The path planning simulation of case 1.
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Figure 9. The path planning simulation of case 2: (a) the number of the simulation cycle is 4 and (b) the number of the
simulation cycle is 20.

Figure 10. The path following simulation of case 2: (a) the number of the simulation cycle is 4 and (b) the number of the
simulation cycle is 20.

Table 1
Control Parameter Values

Parameter Value of the Origin Parameters Value of the Origin

Straight Path Followed Arc Path Followed

β=12 Equation (13) β=20 Equation (29)

μ=25 Theorem 1 μ=40 Theorem 2

K3 =2 Equation (26) K3 =5 Equation (35)

x̄=1 Theorem 1 ε=1 Theorem 2

ε=2 Theorem 1 θ=5 Theorem 2

θ=3 Theorem 1

a great influence on the distance D. When the number
of simulation cycles is set as 4 and 20, respectively, the
path length is calculated as 340.5354 and 336.6099m,
respectively. The two simulations in Fig. 9 show that if
regardless of the recovery time, the increase in the number
of simulation cycles can further optimize the path.

Figure 10 shows the results of the heading-vector field
algorithm. In these simulations, the parameters of the
straight path followed are set as the course angle approach-
ing target line is set as χmax =

π
4 .χmax =

π
4 , speed of UUV

is set as VG =2m/s. The other parameters which satisfy
the conditions of Theorems 1 and 2 are selected as Table 1.
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As is shown, the thin line represents the planned
recovery path and the thick line represents the tracking
path. In the whole process, the mean values of the following
errors are less than 0.5m, which can meet the requirements
in practical applications. The following errors on the
straight-line segments of the path are smaller compared
with those on the arc line segments of the path. Although
the connection position of adjacent line segments and arc
segments shows some lateral follow errors, the length of
the tracking path and the planned recovery path is similar.

6. Conclusion

In this paper Dubins curve is applied for a UUV to plan
the obstacle-avoidance path from the rendezvous point
to the recovery platform. The methods can work in
real time and require no accurate UUV dynamic model.
The construction of the heading-vector fields for the line
segments and arc segments of a Dubins path are presented.
Both theoretical proofs and simulation analysis show that
the UUV can be well guided onto the planned path by
heading-vector control.
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